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Preface

These are course notes for the class “Introduction to Probability” (STATS 116) at Stanford Univer-
sity for the Summer 2023 quarter. STATS 116 is a standard undergraduate level probability class.
It is designed to provide a rigorous overview of probability theory, emphasizing both intuition and

mathematical precision.

This iteration of the course, including these notes, are based on the textbook Introduction to
Probability by Joseph K. Blitzstein and Jessica Hwang (hereafter BH). That book itself arose
from the course “STAT 1107 at Harvard University, for which lecture notes and materials have
been made freely available by Prof. Blitzstein. However, STATS 116 in Summer 2023 is a substan-
tially shorter course, containing four 50-minute lectures per week for a condensed 8-week quarter,
whereas STAT 110 at Harvard, already considered a rather challenging and fast-paced course, is
typically taught in two 80-minute lectures per week throughout a 13-week semester. Thus, the
content coverage in these notes is a strict subset of the STAT 110 curriculum. Emphasis is placed
on those topics that are, in my view, the most important for further study in statistics and related

areas such as machine learning.

Some of the content in these notes is copied or paraphrased directly from BH, so I do not claim
proper authorship of these notes. On the other hand, any errors or omissions in these notes are
solely my responsibility. The main purpose of these notes, for a student taking STATS 116, is to
provide a condensed yet self-contained overview of the material in BH relevant to each day’s lecture,
along with some of my personal insights and examples which I hope may be of use. Each lecture is
separated by a numbered heading. The student is encouraged to refer to BH for an excellent, more

discursive exposition of all topics.



The mathematical background assumed for these notes is primarily a solid command of high school
algebra and single variable calculus. Some familiarity with partial differentiation and double inte-
gration is assumed briefly in the sections on joint distributions, though a full course in multivariable
calculus should not be considered necessary. Basic knowledge of sets and set notation is assumed,
and these notes are written in a mathematical ”definition/theorem/proof” format, with the goal of
encouraging rigorous mathematical thinking. In particular, the reader is also encouraged to think
carefully about the logical relationship between different ideas. Is concept X a definition? Or is
it a theorem; if so, how does it follow from first principles? Some proofs are omitted, however, to
maintain focus on the ideas that I view as most important for holistic understanding, and to keep

the mathematical level of these notes moderate.



1. Counting: Naive definition of

probability, multiplication rule

Probability is the quantitative study of uncertainty. Mathematicians and math-adjacent scholars
have worked for centuries to try to formalize this in a mathematical way. The modern framework
we will be studying in this class is due to Andrey Kolmogorov, an influential Soviet mathematician

who lived in the 20th century. We begin with some important fundamental definitions.

Definition 1.1 (Sample space). The sample space S of an experiment is the set of all possible
outcomes. An event A is any subset of the sample space S, i.e. a collection of any number of

outcomes in S.

Example 1.2 (Die roll). Suppose I roll a single six-sided die with faces numbered 1,...,6. Then
the outcome refers to the number rolled, so the sample space is S = {1,...,6}. Some events

Aj,..., A4 on this sample space are: A1 =S, Ay ={2,3}, A3 =0, and A4 = {1}.

Remark. An event containing one element, like A4 in Example 1.2, is a set containing one element

(the outcome “1”), which is to be distinguished from the outcome itself (which is not a set).
Sample spaces can be finite or infinite. In the naive definition of probability, S is assumed finite.

Definition 1.3 (Naive definition of probability). Under the naive definition of probability, the
probability of the event A (within some finite sample space S), is given by P(A) = %‘, where for
any set M, | M| denotes the cardinality of M, i.e. the number of elements in M. Note 0 < P(A) <1

for any event A, at least under the naive definition.
Example 1.4. In the setting of Example 1.2, we have P(Az) = % = %

Remark. Probabilities are defined on events, which are sets. It does not make (strict mathemat-
ical) sense to compute the probability of an outcome, or to compute the probability of anything

that is not an event.



The naive definition of probability is naive because it inherently assigns all outcomes in S “equal
weight.” Intuitively, we know this must not always be true. Later on, we will develop a more refined
notion of probability to address this. But for today, we will work with the naive definition, which
is a useful starting point in experiments where all outcomes are indeed equally likely. The naive
definition reduces computation of probability to counting the number of elements in two sets and

dividing them. Thus, to apply it, we need some techniques for counting.

Proposition 1.5 (Multiplication rule). Suppose I run a compound experiment consisting of two
sub-experiments with sample spaces A and B. If, for each of the a possible outcomes in experiment
A, there are b possible outcomes in experiment B, then there are ab total outcomes for the compound

experiment.

Proof. Immediate by the definition of multiplication; see the tree diagram, Figure 1.3 of BH, for a

pictoral representation. ]

Example 1.6 (License plates). Standard license plates in California start with a digit, followed
by 3 letters, followed by 3 more digits. Assuming no additional restrictions, the multiplication rule

indicates there are 10 - 262 - 103 total possible license plates.

Example 1.7 (Sampling with replacement). Suppose I have n items in a hat. I do the following

k times: select one item and put it back. Then there are n* possible sequences of items.

Proof. Immediate from the multiplication rule: I have a compound experiment of k sub-experiments,

and regardless of the outcome of the other experiments, I have n outcomes for each experiment. [J

Example 1.8 (Sampling without replacement). Suppose I have n items in a hat. For k < n
iterations, I take one item out of the hat and leave it outside, so that for the next iteration I am
only selecting from the items remaining in the hat. Then there are n-(n—1)-...-(n—k+1) = (nfi'k),
possible sequences of items (here n! is read as “n factorial”, and is short-hand for the quantity

n-(n—1)-...-1 for each integer n > 0, with 0! = 1 for convenience). In particular, there are n!

ways to order n objects in a line (take k = n).

Proof. There are n choices for the first experiment, n — 1 choices for the second experiment (re-

gardless of which item I drew in the first experiment), etc. Apply the multiplication rule. O

Remark. The previous example shows that the multiplication rule does not require the same

outcomes in sub-experiment B to be possible for every outcome in sub-experiment A. If I took



out item 1 in the first sub-experiment, then I can only get one of the n — 1 items 2,...,n in the
next sub-experiment. By contrast, if I took out item n in the first sub-experiment, I can only get
items 1,...,n — 1 in the next sub-experiment. That is, the possible outcomes in sub-experiment
B can differ depending on the outcome in sub-experiment A. But the multiplication rule is still
valid so long as the number of possible outcomes in sub-experiment B is the same, regardless of

the outcome of sub-experiment A.

One complication in applying the multiplication rule is that if we perform multiple experiments on
the same sample space, we might not care about the order of outcomes. Implicit in the statement
of the multiplication rule is that the outcomes in the compound experiment correspond to ordered
pairs of outcomes in the sub-experiments. This is fine in Examples 1.7 and 1.8, we were counting
sequences, meaning we cared about the outcome order. But if I want to select a pair of students

from a classroom, I don’t care which student I selected “first.” Our next example resolves this.

Example 1.9 (Binomial coefficient). There are (Z) = #lk)' ways to choose a subset of k items

out of n. (Z) is read as “n choose k” and is known as a binomial coefficient.

Proof. We consider Example 1.8 as a compound experiment with two sub-experiments. For the
first sub-experiment, we choose which k (distinct) items are chosen at any point, and for the second
sub-experiment we pick the order of those k items. For the second sub-experiment, we note that
for any set of k items chosen in the first sub-experiment, there are k! ways to arrange them (last
sentence of Example 1.8). Yet Example 1.8 also shows that the total number of outcomes in the
compound experiment (nﬁi'k)' Thus, by the multiplication rule, the number of outcomes for the

first sub-experiment is ﬁlk), = (Z), as desired. O

Example 1.10 (Counting subsets). Suppose the sample space S has size n. How many possible
events are there on S7 One way to solve this is to note that the number of events with a given
cardinality k£ < n is (Z) by the previous example (a set is a collection of distinct elements, where the
order of those elements does not matter). As k can range from 0 up to n, the answer is » ;. (Z)
On the other hand, we could consider making a binary decision for each of the n elements of the
set: whether to include it or not in the event. By the multiplication rule there are 2" possible

subsets. Thus we have shown the mathematical identity >, _, (Z) = 2" via a “story proof.”



2. Counting: Examples,

Bose-Einstein, and inclusion-exclusion

We begin with some additional problems reviewing the multiplication rule. Defining an appropriate

compound experiment for which the multiplication rule applies takes some practice.

Exercise 2.1 (Three of a kind). Suppose we randomly select 3 cards from a standard deck of 52

cards. What is the probability they all have the same rank?

Solution. We provide two equally valid solutions based on two different sample spaces. One con-
siders an experiment where the outcome is a(n ordered) sequence of 3 cards; the other considers
an experiment where the outcome is the unordered collection of 3 cards selected. By symmetry, in

both experiments all outcome are equally likely, so we can apply the naive definition of probability.

In the first experiment where order matters, by Example 1.7 there are 52-51-50 total outcomes. Let-
ting A be the event consisting of all outcomes composed of cards with the same rank, |A| = 52-3-2
by the multiplication rule (for any first card we have 3 choices of cards with the same rank for the

second card, and then 2 cards of the same rank as the first two cards for the third card). Thus, by

1
the naive definition we have P(A) = 53?5‘1’:?0 =\ 5 |

Alternatively, in the second experiment where order doesn’t matter, by Example 1.9 there are (532)
total outcomes. There are 13 card ranks, and for each rank there are (g) = 4 choices of 3 cards

with that rank (by 1.9 again). So by the multiplication rule, there are 13-4 = 52 choices of 3 cards

that have the same rank. Then by the naive definition, we have P(A) = (§§) = 92 = ot =
- 3 3149! 3!

1
— OJ
425




Exercise 2.2 (Birthday problem). There are k people in a room. Assume each person’s birthday is
equally likely to be any of 365 days of the year (ignore leap years). Also assume people’s birthdays
are independent (we will make independence more precise in a future lecture, but this means all
possible sequences of birthdays are equally likely). What is the probability that any two of the k
people have the same birthday?

Solution. For this example we define the experiment as the ordered sequence of birthdays of the
k people. By Example 1.7 there are 365* possible such sequences. By Example 1.8, assuming
k < 365, there are 365364 - ... (365 — k + 1) sequences where no two people have the same
birthday (if £ > 365, then we are guaranteed to have at least 2 people with the same birthday).
Thus, there are 365F — 365364 -...- (365 — k + 1) outcomes in the event A that any two of the k

people have the same birthday. By the naive definition, the desired probability is

P(A) = 365" —365-364-...- (365 —k+1) - 365-364-...-(366—k+1)
B 365~ B 365~
It can be shown that P(A) > 0.5 for £ > 23, which most people find counterintuitive. O

Last lecture, we discussed how to count the number of ways to select k items out of n with or without
replacement when order matters (Examples 1.7 and 1.8). We also discussed binomial coefficients,
which pertains to sampling without replacement when order does not matter (Example 1.9). We

conclude by computing the number of ways to sample with replacement when order does not matter.

Theorem 2.3 (Bose-Einstein coefficient). Suppose I have n items in a hat. I do the following k
times: select one item and put it back, recording each item I selected on a piece of paper. Then
+h—1
")

there are ( distinct collections of k items I could have recorded.

Proof. Consider an arrangement of n dots and k bars in some order where the first (leftmost) item

is a dot. For example, with n = 4 and k = 3 we might have

Viewing the n dots as the n items, ordered from left to right, each such arrangement corresponds to
a unique collection of items from k draws with replacement, where the number of times a particular
item (dot) is selected corresponds to the number of bars immediately to the right of that item (dot).
The example above corresponds to the collection containing two of the first item and one of the

fourth item. Conversely, for any item collection we can draw out a unique ordering of dots and bars



— with a dot in the leftmost position — based on the number of each item in the collection. Thus,
the number of possible collections is equal to the number of possible orderings of n dots and k bars

where the first item is a dot. This amounts to choosing k positions for the bars among n + k — 1

possible positions, for which there are ("ka_l) ways. O

The final counting tool we will cover in this class is known as the principle of inclusion-exclusion.
It expresses the size of the union of some collection of sets in terms of the size of the individual

sets and their intersections, which are sometimes easier to deal with.

Theorem 2.4 (Inclusion-exclusion with two sets). For any finite sets A and B, we have |AU B| =

|Al +|B| —|AN Bj.

Proof. We can separate the set A U B into three mutually disjoint sets: A\ B, AN B, and B\ A.
Thus
|JAUB| = |A\ B|+ |ANB|+ |B\ 4|

Yet A can be decomposed into the disjoint sets A\ B and AN B, so
[Al = [A\ B[+ [ANB| <= |A\ B| = |4] - |AN B
Similarly we have |B\ A| = |B| — |AN B|. Plugging in to the first equation gives
|JAUB|=|A| - |ANB|+|ANB|+|B| - |ANB| = |A|+ |B| — |AN B|
as desired. O

We can generalize the result to more than two events.

Theorem 2.5 (Inclusion-exclusion). For any finite sets Ay, ..., A,, we have
n
Ay U UA =D A=) AN Ajl+ >0 AN AN Agl =+ (1) A NN A,
i=1 i<j i<j<k
Proof. By induction; omitted. O

Example 2.6 (Matching). If we select a random ordering of (1,2,3,4), what is the probability

that at least one of the numbers is in its original position?

Proof. The sample space has 4! = 24 possible orderings (outcomes) so this wouldn’t be too hard

to solve by exhaustive listing, but inclusion-exclusion provides us with a more systematic way to

10



compute the numerator in the naive definition. Let A;,7 = 1,2, 3,4 be the event that the number

1 is in the i-th position. Then the desired event is A = A; U As U A3 U A4. By inclusion-exclusion

we have
A=) 4A] =D AN Aj[+ > AN AjN Akl — [A1 N Ay N Az N Ay
i=1 i<j i<j<k
For each i we have |A;| = 3! = 6 (we can order the remaining 3 numbers in any order), while

|A;iNAj| =2forany i < j, |A;NAjNAg| = 1forany i < j < k, and evidently |A1NA2NA3NA4| = 1.
There are (;l) = 6 pairs of distinct indices (7, ) with ¢ < j and (3) = 4 triples of distinct indices
(i,4,k) with i < j < k. So

|Aj=4-6-6-244-1-1=15

5
and the desired probability is % = by the naive definition. O

11



3. A general definition of
(conditional) probability

Counting can be quite useful, but the naive definition of probability is quite limited. For instance,
typically one cannot use the naive definition of probability with the Bose-Einstein coefficient, be-
cause the collections of items are, in general, not equally likely when each possible ordered sequence
of items orderings is equally likely. For example, consider the setting of Theorem 2.3 withn =k = 2,
and suppose we label the two items in the hat as “H” and “T,” since this setting is equivalent to
flipping a fair coin twice. Then there is a 2/4 chance of getting the collection {H,T} in the two
draws/flips, but only a 1/4 chance of getting {H, H}, since there are two ways to get the former
(H then T or T then H), but only one way to get the latter. This demonstrates the need for a more

general definition of probability.

Definition 3.1 (General definition of probability). A probability space consists of a sample
space S and a probability function P mapping each! event A C S to a number P(A) € [0, 1],

where P satisfies the following properties (axioms):
1. P(0) =0, P(S) =1
2. (Countable additivity) If Ay, Ao, ..., are disjoint events (i.e. A;N A; =0 for any i # j) then
P(UR,4;) =Y P(4))

J=1

HIf the sample space S is uncountable, e.g. the real line, it turns out that it is impossible to construct a probability
function that satisfies the axioms in this definition. This is known as the Banach-Tarski paradox. Kolmogorov’s
solution is to restrict the domain of P, i.e. the set of events on which probability is well defined, to not include every
possible subset of S. However, this restricted domain can still be made sufficiently large so that event encountered in
real life is almost surely within this restricted domain. Thus, we do not concern ourselves with these measurability

issues in the remainder of this course, and assume every event can be assigned a probability.

12



Note that by taking A,11, Apt2,... to be the empty set, countable additivity implies finite
additivity P(A; U...UA,) = >, P(A;) for any disjoint events Ay, ..., A,.

The naive definition is a special case of this general definition of probability, where the sample
space S is finite and the probability function P satisfies P({s}) = 1/|S| for all outcomes s € S.
The general definition allows for infinite sample spaces and unequal probabilities assigned to each

outcome. It also implies several important and intuitive properties:

Theorem 3.2. Suppose (S, P) is an arbitrary probability space. Then the following are true for

any events Ay,..., A, CS:
1. (Complement) P(A{) =1 — P(A1), where A° =S\ A for any event A.
2. (Monotonicity) If A1 C As, then P(A;) < P(Asg).

8. (Inclusion-exclusion) P (3 11 Ai) = Dy P(Ai) = 3" P(AiNAj) + ... + (=) P(A N
N An)

Proof. We prove each statement separately:

1. Note A; and Af are disjoint with A; U A = S. Hence by countable additivity and the first
axiom, 1 = P(S) = P(A1 U Af) = P(A;1) + P(A9).

2. Note Ay and B = Ay \ A1 = A N A§ are disjoint with A; U B = As. Hence by countable

additivity, P(Az) = P(A1) + P(B) > P(A1).

3. This is similar in spirit to Theorem 2.5. We only prove the case of two events, for simplicity.
We can write A; U As as the union of three disjoint sets A; \ Az, A1 N Ag, and Ag \ 4. We
have P(A1\ Ag) = P(A;1) — P(A1NAy) by countable additivity, after writing A as the disjoint
union of A1 N Az and A; \ A2. Similarly P(As \ A1) = P(A2) — P(A; N Az). We conclude

with one more application of countable additivity, which shows

P(A1UA2):P(Al\A2)+P(A1QA2)+P(A2\A1):P(Al)JrP(AQ)*P(AlﬂAQ)

O]

A very common situation when reasoning about probability is to have external information that
certain outcomes can be ruled out. If we know this information, it seems like we should not assign

any probability to those outcomes. The notion of conditional probability formalizes this idea.

13



Definition 3.3. Let A and B be events with P(B) > 0. Then we define P(A | B), the conditional
probability of the event A given B, by

P(ANB)

P(A|B) = =55

Remark. The expression A | B should not be interpreted as an event. After all, A | B is not a set
of outcomes. Rather, P(- | B) should be viewed as a new probability function defined in terms of
the probability function P(:). One can check that so long as P(B) > 0, the function P(- | B) is a
valid probability function in that it satisfies the properties in Definition 3.1 with the same sample

space S as the original probability function P(-). Thus, all properties of probability functions (e.g.

Theorem 3.2) hold for conditional probability functions, too.

The idea in the definition of P(A | B) is to encode the chance that the event A occurred, given
knowledge of the fact that the event B occurred. Thinking back to the naive definition of probability
should provide some intuition about this definition. If the probabilities in Definition 3.3 were naive

probabilities, then we could multiply the numerator and denominator of P(A | B) by |S| to get

the identity P(A | B) = |A|gf|. This corresponds to the naive definition of probability for the set

of outcomes in A in a world where we restrict our sample space to be B.

Example 3.4. Suppose I flip two independent fair coins. What is the (conditional) probability
that both coins land heads, given that at least one of them lands heads? What is the (conditional

probability) that both coins land heads, given that the first coin lands heads?

Solution. Independence will be defined more precisely later on; here it means that the 4 possible
coin flip outcomes {HH, HT,TH,TT} are equally likely, so we can apply the naive definition. Let
A = {HH} be the event that both coins land heads, B = {HH,HT,TH} be the event that at
least one of the coins lands heads, and C' = {HH, HT'} be the event that the first coin lands heads.

Then by the definition of conditional probability, we have

_P(AnB) P({HHY}) C1/4
P4 B) = P(B) ~ P({HH,HT,THY}) 3/4 1/3
and
P(A|C) = P(ANC)  P({HH})  1/4 7

P(C) — P({HH,HT}) 2/4

14



4. Bayes’ rule and the law of total
probability

Recall that we defined conditional probability last time. A useful tool in computing conditional
probabilities is Bayes’ rule. It relates P(A | B), the probability of the event A given B has occured,
to P(B | A), the probability of B given A. In general, they are NOT the same thing; confusing the

two is often known as the prosecutor’s fallacy.

Theorem 4.1 (Bayes’ rule). For any events A and B with P(A) > 0 and P(B) > 0, we have

P(B|A)P(A)

P(A|B) = =55

Proof. By the definition of conditional probability, we have
P(ANnB)=P(A|B)P(B), P(BNA)=P(B|AP(A)

Of course, AN B and BN A are the same event, so we can equate the right-hand side of these two

equations:
P(B|A)P(A)

P(A[B)P(B) =P(B|A)P(A) = P(A|B) = ]|3(B)

O]

Bayes’ rule is often useful in conjunction with the law of total probability (LOTP) to expand the
denominator. LOTP expresses the probability of an event in terms of the conditional probability

of that event, given other events. These conditional probabilities are often easier to reason about.

Theorem 4.2 (Law of total probability (LOTP)). Suppose Bi, Ba, ... is a partition of the sample

space S, meaning By, Ba, ... are disjoint events with U;2,B; = S. Then
P(A) = ZP(AﬁBi) = ZP(A | Bi)P(B;)
i=1 i=1

15



Proof. We write A = U2,(A N B;). The events AN B; are disjoint so the first equality follows
by countable additivity. The second equality follows directly from the definition of the conditional
probabilities P(A | B;). O

We now work through an important example of how to use conditioning to reason about probabili-
ties. It is a good idea to always start by precisely defining the events of interest. Conditioning can
be useful because often, conditional probabilities are known but unconditional ones are not. Then
one can use some combination of the definition of conditional probability, Bayes’ rule, and LOTP

to compute the desired probability in terms of the known conditional probabilities.

Exercise 4.3. Suppose a disease affects 1% of the population, and a random individual from the
population is selected to take a test billed as 95% accurate. This means that for any infected
individual, the test has a 95% chance of returning positive, while for any healthy individual, the
test has a 95% chance of returning negative. Find the probability that the individual is infected,

conditional on testing positive.

Solution. Let T be the event that the individual tests positive and D be the event that the random
individual is infected. From the information in the problem, we have P(D) = 0.01, P(T | D) = 0.95,
and P(T | D¢) = 0.05. We see P(D | T'); by Bayes’ rule and LOTP, noting that D, D¢ partition
the sample space, we have

_ P(T|D)P(D) P(T | D)P(D) B 0.95-0.01 B
PD|T) = P(T) " P(T| D)P(D) + P(T | D°)P(D¢) ~ 0.95-0.0140.05-0.99

O]

The result of the previous example might be surprising; it is likely much lower than what most
people might naively expect, which is something closer to 0.95. The key is that without observing
the test result, there is a very low chance of selecting someone who tests positive, because the
disease is so rare. Seeing the positive test raises the conditional probability well above the “prior”
probability of 0.01 that a random person tests positive, but not as high as 0.95, because most of
those people who test positive will in fact be healthy (to convince yourself, consider an extreme
case where nobody has the disease, in which case the conditional probability of getting the disease

given a positive result remains 0).

Next, we describe how to condition on more than one event.

16



Definition 4.4 (Multiple conditioning). Let A, B, and E be events with P(B N E) > 0. Then
we define the conditional probability of A given B and F as the conditional probability of A
given B under the probability function P(- | E) (note this is a valid probability function, as
P(E) > P(BnN E) > 0 by monotonicity):

P(ANB | E)
PA|B,E)= ——F—F7—
Since multiple conditional probabilities are just conditional probabilities under a conditional prob-
ability function, which is itself a valid probability function by the remark after Definition 3.3, we

immediately have conditional versions of Bayes’ rule and LOTP.

Theorem 4.5 (Conditional Bayes’ rule). For any events A, B, and E with P(ANE) > 0 and

P(BNE) >0, we have
BlA E)P(A| E)
P(B| E)

Proof. Note that monotonicity (Theorem 3.2) implies P(E) > P(ANE) > 0. Then P(- | E) is a

P4 | B E) =

valid probability function, and the result follows from applying Bayes’ rule to it. O

Theorem 4.6 (Conditional LOTP). Suppose Aq,..., A, is a partition of the sample space S on
which events B and E are defined with P(A; N E) > 0 for each i. Then
n
P(B|E) =Y P(B| A, E)P(A; | E)
i=1
Proof. Again, monotonicity (Theorem 3.2) implies P(E) > P(A;NE) > 0 for each 4. Then P(- | E)

is a valid probability function, and the result follows from applying LOTP to it. O

The definition of multiple conditional probabilities enjoys some nice consistency properties: the

“

order of the events to the right of the conditioning bar “—” doesn’t matter, and we can interpret

all those events as being intersected:

Theorem 4.7. For any events A, B, and E with P(BN E) > 0, we have P(A | B,E) = P(A |
E,B)=P(A|(BNE)).

Proof. We compute

_P(ANE|B) PANBNE) PANBNE)
P(A]E,B) = P(E|B)  PB)PE|B)  P(BNE) = P(AlIBNE])

where the first equality is by Definition 4.4 and the remaining equalities apply Definition 3.3.
Swapping the roles of B and E in the preceding display, we get P(A | B,E) = P(A | [ENB]) =
P(A | [BNE]) as well since of course ENB = BNE. O

17



5. Independence and conditional

independence

We have alluded several times in this course to the idea of “independence.” For example, in the
birthday problem (Exercise 2.2), we assumed that different people’s birthdays were independent.
Intuitively, this meant that knowledge about person A’s birthday does not give any information

about person B’s birthday. We now formalize this idea mathematically.

Definition 5.1. Two events A and B are independent if P(AN B) = P(A)P(B). For short, we
may write A1l B.

The following characterization shows that the definition of independence encodes the intuition

described above:

Proposition 5.2. If P(A) > 0, then ALLB if and only if P(B | A) = P(B). Similarly, if P(B) > 0,
then A and B are independent if and only if P(A | B) = P(A).

Proof. Assuming P(A) > 0, AIl B implies (by the definition of conditional probability) that

P 4= P00 - PO sy

Conversely, if P(B | A) = P(B), then we reverse this reasoning: P(AN B) = P(B | A)P(A) =
P(B)P(A) where the first equality is again by the definition of conditional probability. The result

in the second sentence of the proposition follows immediately by swapping the roles of A and B. [

Recall P(A | B) is interpreted as the probability of the event A, given knowledge that B occurred.
Thus, Proposition 5.2 shows that saying A Il B is equivalent to saying that knowledge of B does
not change the probability of A. The characterization of Proposition 5.2 thus provides insight into

why e.g. we model repeated coin flips or die rolls as independent.
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A related, but very much distinct notion is that of conditional independence.

Definition 5.3. Events A and B are conditionally independent given a third event E with
P(E) > 0if
P(ANB|E)=P(A|E)P(B|E)

The definition of conditional independence is equivalent to that of independence, but applied to the
probability function P(- | E) instead of P(-). So we can immediately apply Proposition 5.2 to show
that Definition 5.3 is equivalent to P(A | B, E) = P(A | E) whenever P(BNE) > 0. However, it is
important to realize that independence does not imply conditional independence given an arbitrary
event E and likewise conditional independence given some event E does not imply (unconditional)

independence.

Example 5.4 (Independence does not imply conditional independence). Suppose I flip a fair coin
twice. Let A be the event that the first flip lands heads, B be the event that the second flip
lands heads, and E be the event that at least one flip lands heads. Events A and B are clearly
independent, since the outcome of the first flip does not affect the probability the second flip lands
heads. But by Example 3.4, we know P(ANB | E) =1/3,yet P(A| E) = P(B | E) = 2/3 (why?),

so A and B are not conditionally independent given F.

Example 5.5 (Conditional independence does not imply independence). Chris has one fair coin
and one double-headed coin. He chooses one coin at random without looking and flips it twice.
Conditional on the fair coin being chosen, the coin flips are independent. However, Chris does not
know this information, so the first and second flips are intuitively not independent because the
first flip landing heads makes it more likely that the double-headed coin was chosen, and thus that
the next flip will land heads. To see this, let A and B be the events that the first and second flips,
respectively, land heads. Let D be the event the double-headed coin was chosen. Then by LOTP

P(A) = P(A| D)P(D) + P(A| D)P(D°) = 1-

N =
N | =
I

_l’_

N =

and similarly P(B) = 2 as well. However, by conditional LOTP we have
1
P(B|A)=P(B|AD)P(D|A)+P(B|AD)PD°|A)=P(D|A)+ 3 (1-P(D|A)

where we used conditional independence to reason P(B | A, D¢) = P(B | D) = . By Bayes’ rule

we have
1
P(D | A) = P(ALQT(D) _ 132 :g
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Thus we conclude P(B | A) = 2 > P(B), so A and B are not independent.

Exercise 5.6. We return to the disease testing setting of Exercise 4.3. Under the same assumptions
as Exercise 4.3, suppose the individual takes two tests, and we assume that the results of the two
tests are conditionally independent given their disease status. Note this might not be a reasonable
assumption if e.g. the two tests are from the same box, and a significant source of inaccuracies in
the test is from box-level contamination. What is the probability the individual is infected, given

they tested positive on both tests?

Solution. Let T; be the event that the individual tests positive on test i and D be the event the

individual is infected. Then using Bayes’ rule and LOTP, we have

p(D |71y - POLT [ DIPD) P(Ty, T, | D)P(D)
’ P(Tl,TQ) P(Tl,TQ ‘ D)P(D) —l—P(Tl,TQ ‘ DC>P(DC)
_ P(Ty | D)P(T, | D)P(D)
= U | DYP(T; | D)P(D) + P(T; | D) P(T; | DY P(DY)
_ 0.95-0.95-0.01
©0.95-0.95-0.01 4 0.05 - 0.05 - 0.99

~0.78

where the penultimate equality uses conditional independence. Comparing our answer to 0.16 from
Exercise 4.3, we see that having two positive tests makes us much more confident that the individual

is sick. O
Finally, we extend the definition of independence to more than two events.

Definition 5.7. Events A1,..., A, are independent if for any 1 < iy < --- < i < n, we have

P(rto,4;,) = ﬁlP(Ai].)
e

Independence of more than two events implies that every pair of events is independent, but not

vice versa.

Example 5.8. Once again, consider two coin tosses. Let A and B be the events that the first
and second coin tosses, respectively, land heads. Let C' be the event that the two coin flips are the
same. Then one can verify that A, B and C are pairwise independent, but P(ANBNC) = 1/4
yet P(A)P(B)P(C)=1/8.

20



6. Problems and paradoxes in

conditioning

Problem solving with conditioning is extremely useful but challenging, so we go through some ad-
ditional examples in this lecture, starting with the famous Monty Hall problem which has stumped

many.

Exercise 6.1 (Monty Hall). A contestant on a game show must pick one of three identical-looking
doors. Behind one of the doors is a car; behind the other two doors is a goat. The contestant
begins by choosing one of three doors. Monty Hall, the game show host, knows the location of the
car and reveals a goat behind one of the two other doors. If both doors are goats, he picks a door
at random. The contestant is then allowed to either stay with the original door they chose, or to

switch to the remaining door. What should they do?

Solution. The vast majority of people’s intuition suggests that switching or staying should lead to
an equal probability of getting the car. However, this turns out not to be the case. For i = 1,2, 3,
let C; be the event that the car is behind door i. Let G; be the event that Monty reveals a goat
behind door i. Without loss of generality let door 1 be the one the contestant originally chose.

Then by Bayes’ rule and LOTP we have

P(Gy | Ch)P(C 1.1
P(Cy | Go) = 3(2| 1) P(C) B S -
Y P(G2 | C)P(C;)  5-3+0+1-3 3

An identical argument shows P(C; | G3) = % Thus, regardless of what door Monty picks, the

contestant is twice as likely to win the car by always switching! O
The incorrect “intuition” that switching and staying have equal probabilities of success comes from

a misapplication of the naive definition of probability, and incorrect use of conditioning. The fact

that Monty is using the information he knows about the location of the car and giving you a “hint”
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essentially collapses the prior 2/3 probability that the car is not behind the door the contestant

initially chose onto the single outside door.

Another important conditioning strategy is that of first-step analysis, which is relevant when the
problem has some sort of self-similar or recursive structure, making it natural to condition on the
outcome of some “first step.” We illustrate first-step analysis using the famous Gambler’s ruin

problem.

Exercise 6.2 (Gambler’s ruin). A gambler makes a series of independent $1 bets, each with
probability p of succeeding. They start with a bank roll of ¢ > 0 dollars and keeps betting until
they either have N > i dollars or 0 dollars. What is the probability the gambler will win (have an
N dollar bankroll before going bankrupt, i.e. getting “ruined”)?

Solution. Let p; be the probability that the gambler is ruined starting with a bankroll of ¢ dollars,
with pg = 1 and py = 0. Let A be the event the gambler wins the first bet. Then after the first
bet, the gambler’s bankroll is either ¢ + 1 or ¢ — 1 dollars, depending on if they won. With all the
bets independent, their probability of going bankrupt given A is p;+1, and the probability of going

bankrupt given A€ is p;_1. This gives us the equation

pi = pir1P(A) +pi-1(1 — P(A)) = pi1 + p(piv1 — pi-1)

Considering this equation for all i =1,..., N — 1, we get a series of N — 1 equations in the N — 1
unknowns p1,...,pN_1, and can solve them. The result is as follows:
1—(1=p :
<1_pp >N p# %
pi =3 1-(55%)
i _1
N p=3

O]

Example 6.3 (Defense attorney’s fallacy). A husband is accused of murdering his spouse on the
basis of a proven history of abuse. Suppose 1 out of 10,000 husbands who abuse their spouses
subsequently go on to murder them; on this basis the defense attorney argues the evidence against
his client is slim. Further assume that among people with husbands who are murdered, 1 out of 4
are abused, 1 out of 5 are murdered by their husbands, and 1 out of 2 of those murdered by their

husbands were previously abused by their husbands.
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The defense attorney is making an insidious mistake: they have failed to account for the information
that the spouse has indeed been murdered! (Of course, there’s lots of other information to condition
too in real life, but we ignore it for simplicity). Let G be the event the husband is guilty of
murdering his spouse, A be the event the husband abused his spouse, and M be the event the
spouse is murdered (by anyone). We have P(G | A) = 1/10000, P(A | M) =1/4, P(G | M) =1/5,
and P(A | G, M) = 1/2. Note all probabilities are implicitly conditioning on the victim having a
husband. By Bayes’ rule

P(A|G,M)P(G|M) 1/2-1/5 2
P(A| M) ~1/4 5

P(G|A M) =
which is much higher than 1/10000.
Our next example is a well-known result called Simpson’s paradozx.

Example 6.4 (Simpson’s paradox). The statistics department received applications from 5 tall
students and 7 short students. They admitted all 5 tall students and 5 short students. The English
department got applications from 20 tall students and 5 short students. They admitted 5 tall
students and 1 short student. Thus, within each department, tall students were admitted at a
greater rate than short students. Yet across both departments, 10 out of 25 tall students got into
either department, which is a lower proportion than the 6 out of 12 short students. Mathematically,
let A be the event that a randomly chosen student (among those who applied to either statistics
or English) is admitted, S be the event that the student applied to statistics, and T be the event
that the student is tall. We have P(A | T,S) > P(A|T¢ S) and P(A|T,S¢) > P(A|T¢ 5¢), yet
P(A|T) < P(A|T¢). To gain some intuition, note by conditional LOTP that

P(A|T)=P(A|T,S)P(S|T)+ P(A|T,S)P(S| T)

P(A|T¢) = P(A|T% S)P(S | T¢) + P(A | T¢, S°)P(S° | T)

A randomly chosen tall student has a higher chance of being an English applicant than a randomly
chosen short student, and English is a much more competitive department than statistics (as
evidenced by the lower admission rates). Thus, even though admissions seems to favor the tall
students within each department, in aggregate the tall students have lower admissions rates. If
admissions is done on the department level, it can thus be very misleading to draw conclusions

based on aggregate statistics.
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7. Random variables: Definitions,

distributions, and PMF's

Until now, we have worked directly with outcomes and events to reason about probability. This
can become unwieldy, especially in settings where the sample space is very large and varied. Often,
we care about attributes of the outcome that can be summarized numerically. Having a numer-
ical summary will enable us to reason about the outcome using arithmetic operations, which is

substantially more convenient. The concept of a random variable addresses this.

Definition 7.1. A random variable (r.v.) X is a function from the sample space S to the real

numbers R. That is, for each outcome s € S, the random variable X returns a number X(s).

Remark. The function X : S — R is not itself random. For any fixed outcome s € S, X(s) is
a well-defined, single number (otherwise X would not be a function, in the mathematical sense).

The randomness in X comes solely through the randomness in the input outcome s.

Example 7.2. Suppose we flip a coin twice and record the outcome of the two flips. Then, as
before, we have a sample space S = {HH, HT,TH,TT}. We can define a random variable X that
returns the number of heads in the two flips. Then X(HH) = 2, X(HT) = X(TH) = 1, and

X(TT)=0. We can thus view X as a particular numerical summary of the outcome.

Recall from Lecture 1 that probability is only defined on events. Thus it does not make sense to
compute P(X) for a r.v. X, as a random variable is not an event (a collection of outcomes in 5),
but rather a function. However, what does make sense is to compute probabilities that X takes
on certain values. For example, in our coin flipping example, the probability that we get at least
one head can be written as P(X > 1). Formally, “X > 1”7 here should be viewed as convenient
shorthand for the event {s: X(s) > 1}, i.e. the set of outcomes in the sample space for which the

numerical summary X returns a value of at least 1. In previous lectures we explicitly used a letter
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like A to define the event “X > 17. The advantage of defining these events in terms of random

variables will become clearer as we begin to deal with increasingly complex situations.

A fundamental attribute of a random variable is to understand the probability that it takes on

certain values. This concept is formalized by the idea of a distribution.

Definition 7.3. The distribution £y of a random variable X is a function from the set of subsets’
of R to [0, 1] specifying the probability that X takes on a value inside that subset. That is, for
any subset B C R, we have Lx(B) = P(X € B), where “X € B” is shorthand for the event
{s € S| X(s) € B}; here S is the sample space that forms the domain of X.

Remark. A random variable X and its distribution Lx are both functions, but they are very
different. For one thing, they don’t have the same domains and codomains. X takes as input an
outcome from the sample space, and returns a number based on that outcome, according to some
pre-specified rule that is designed to capture some aspect of the outcome. By contrast, Lx takes

in a subset of the real line and returns a probability (between 0 and 1).

Remark. If g: R — R is a function and X is a r.v. on a sample space S then Y = ¢g(X) is also a

r.v. on S. Formally, Y (s) = g(X(s)) for each s € S. Y is often called a transformation of X.

As you can imagine, it would be quite unwieldy to specify the distribution £x of a random variable
X by enumerating its value on all subsets of R. Luckily, there are more convenient representations
of distributions that determine the distribution. This means that two random variables for which
these representations match must have the same distribution. The easiest case to reason about is
when the set of values that X can take on is finite, or countably infinite (i.e. can be listed out in
an infinite sequence). This excludes those random variables that can take on any value in R, which

we will study at a later date.

Definition 7.4. A random variable X is discrete if there exists a finite or countably infinite list

of values ai, ay, ... for which P(X = a; for some j) = 1.

Definition 7.5. Let X be a discrete random variable. Then its probability mass function
(PMF) is a function px : R — [0, 1] mapping each =z € R to P(X = z). In other words, the PMF
of X specifies the probability that X takes on any given value. The support of X is the set of

!Technically, the distribution can only be defined on a collection of “measurable” subsets of R, which excludes

certain pathological ones of no practical concern.
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values that X can take on with positive probability, i.e. supp(X) = {z | px(x) > 0}. Note that by
Definition 7.4, supp(X) is finite or countably infinite and P(X ¢ supp(X)) = 0.

It turns out that the PMF determines the distribution, so that when asked to specify the distribution
of a discrete r.v., it suffices to specify its PMF'. This is simpler than specifying the whole distribution,
since we do not need to enumerate every subset. But it still requires specifying P(X = x) for all

x € supp(X).

Theorem 7.6 (PMF determines the distribution). Suppose X andY are discrete random variables
with the same PMFs, i.e. px(a) = py(a) for all a € R. Then they have the same distributions, i.e.
Lx(B) = Ly(B) for all B CR.

Proof. Fix B C R. Since X and Y have the same PMF they must have a common support S that

is at most countably infinite. By LOTP we have

Lx(B)=P(Xe€BNS)+P(XeBNS)=P(XeBnNS)

= Z px(a) by countable additivity
a€BNS

= Z py (a) since px = py
aeBNS

= P(Y € BN S) by countable additivity again

= Ly (B) repeating the first line

O]

We caution that equality of random variables is much stronger than equality of distributions. Let
X and Y be random variables for which X = Y. This means that X and Y are defined on
the same sample space S with X(s) = Y(s) for all s € S. Then for any B C R, the event
X(s) € B is identical to the event Y (s) € B (i.e. they consist of the exact same set of outcomes),
so Lx(B) = P(X(s) € B) = P(Y(s) € B) = Ly(B), i.e. X and Y have the same distribution.
However, two random variables with the same distribution may not be equal. In fact, they don’t

even have to be defined on the same sample space.

Example 7.7. Suppose X is defined on the sample space Sx = {H,T} specifying the outcome
of a single fair coin flip, while Y is defined on the sample space Sy = {B, R} specifying whether
a randomly drawn card from a standard 52-card deck is black (B) or red (R). We could have
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XH)=1-X(T)=1and Y(B)=1-Y(R) =1 so that px(1) = py(1) = px(0) = py(0) = 1/2,
so Lx = Ly by Theorem 7.6.

Finally, we show that distributional equality is closed under transformations g.
Proposition 7.8. For any g: R — R, Lx = Ly implies Ly x) = Ly(v)-
Proof. Fix A CR. We have

P(g(X) € A)=P(X € g~1(A)) = P(Y € g '(4)) = P(g(Y) € 4)

where g~!(A) C R denotes the preimage of A under g, and the second equality uses the fact
Lx =Ly. O
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8. Coin flipping distributions

This lecture and next, we will discuss several common families of discrete distributions. While
Theorem 7.6 shows that mathematically, we could define any discrete distribution by its PMF, it
will be much more informative and useful to define these distribution families with a “story,” that

is, a description of how the distributions may arise in nature.

Fach of these distribution families is indexed by one or more “parameters” that describe certain
aspects of the distribution. For each possible set of parameter values we get a specific distribution,

but the set of distributions across all parameter values is unified by a story.

Definition 8.1. Suppose I flip a weighted coin that lands heads with probability p € (0,1). Then
the distribution of the random variable X that is equal to 1 when I flip heads and 0 otherwise is

called a Bernoulli distribution with parameter p, abbreviated Bern(p).
From the definition of a Bernoulli random variable, it is clear that if X ~ Bern(p), its support is
{0,1} and its PMF is
P ife=1
1—p ifz=0
An important example of a random variable with a Bernoulli distribution is known as an indicator

random variable. Indicators will be tremendously useful in our later discussion of expectation.

Definition 8.2. Let A be any event. Then the random variable 14 equal to 1 when A occurs and

0 otherwise is called the indicator random variable for A. Clearly, I4 ~ Bern(P(A)).

The Bernoulli distribution is very simple and limiting, being supported on only 2 points at 0 and

1. We now describe some more complex distributions that arise from coin tossing stories.

Definition 8.3. Suppose I flip a weighted coin that lands heads with probability p € (0,1), and
I do this n € {1,2,...,} times. Then the distribution of the random variable X that counts the
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number of heads I flip is called a Binomial distribution with parameters n and p, abbreviated

Bin(n, p).
The PMF of a binomial distribution is a bit harder to derive, so we state it as a proposition.

Proposition 8.4. If X ~ Bin(n,p), then supp(X) = {0,1,...,n} and its PMF is given by

px(z) = P(X = 2) = <”>p9~"(1 —p)" T, z=0,1,...,n

Proof. That supp(X) = {0,1,...,n} is immediate from the story definition. Now fix z € {0,1,...,n}
and consider a fixed sequence of n coin flips containing x heads and n — x tails. That sequence has
probability p®(1 —p)"~* for the weighted coin in Definition 8.3, since each coin flip is independent.
There are (:) possible flip sequences with = heads and n — x tails (consider choosing the x positions

of the heads among {1,...,n}). Thus for X ~ Bin(n, p), we have P(X =z) = (7)p*(1-p)"~*. O

Remark. The Bin(1,p) distribution is the same as the Bern(p) distribution. This is immediate
from comparing the stories (“number of heads in 1 flip” is equivalent to recording 1 when a flip is

heads, 0 otherwise). It is also immediate from comparing the PMFs.

Next, we consider some distribution families that arise when the number of coin flips is not fixed,

but rather dependent on what we observe.

Definition 8.5. Suppose I repeatedly flip a weighted coin that lands heads with probability
p € (0,1). Let X be the number of tails I observe before flipping heads for the first time. The
distribution of X is called Geometric with parameter p, abbreviated Geom(p). Furthermore, the
distribution of X +1 (i.e. the number of flips including the final heads flip) is called First Success

with parameter p, abbreviated FS(p).

The geometric and first success distributions are the first example of distributions with infinite

support. However, they are still discrete, since their supports are countable.

Proposition 8.6. If X ~ Geom(p), then supp(X) ={0,1,...,} and its PMF is given by px(z) =
(1 — p)®p for x € supp(X). If Y ~ FS(p), then its PMF is given by py(y) = (1 — p)¥"1p for

y=1,2,...,.

Proof. If X ~ Geom(p) according to the story definition, then for any nonnegative integer x, the

event X = x is equivalent to the event that among the first x + 1 coin flips we get a sequence of x
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tails followed by one head. This has probability (1 — p)*p by independence, showing the expression
for px(x). f Y ~ FS(p), then Y — 1 ~ Geom(p), so for each y € {1,2,...,} we have

py(y) =P(Y =y)=P(Y -1=y—-1)=(1-p¥'p

Remark. If X is a discrete random variable, by countable additivity we must have
> px(@)= ), P(X==z)=P(X esupp(X)) =1
zesupp(X) z€supp(X)

Our PMF derivations above thus show combinatorial identities that are not necessarily the easiest
to prove using only algebra, e.g. for all p € (0,1) and n = {0,1,...,} we have

> . "o/ . .

i, (4 n—i __
;(1 p)'p=1, ;(Jp(l Pt =1

Our final distribution for today is a generalization of the geometric distribution.

Definition 8.7. Suppose I repeatedly flip a weighted coin that lands heads with probability p €
(0,1). Let X be the number of tails I observe before flipping the r-th head, »r =1,2,...,. Then X

follows a Negative Binomial distribution with parameters r and p, abbreviated NBin(r, p).

Proposition 8.8. If X ~ NBin(r,p), then supp(X) = {0,1,...,} and its PMF is given by px(z) =
("I h)e (1 = p)”.

Proof. If X ~ NBin(r, p) according to the story definition, then P(X = x) is the probability that,
among the first x4+ — 1 flips, we have exactly r —1 tails, and then on the next flip (the z+r-th) we
have heads. Let Y be the number of tails in the first  + r — 1 flips. By the story of the binomial,
Y ~ Bin(z +r —1,1 — p). Let A be the event that the x + r-th flip is heads. Then

r+r—1 7 T 4+r— 1
px(e) = PO =) = PV = )P = (T T )t = (T T -

by Proposition 8.4 and independence of the events Y = y and A. ]

In actual problems, you typically will not be dealing with actual coin flips. But they provide a useful
starting point for lots of problems. One of the most important skills to gain from this course should
be the ability to perform pattern matching, relating new probabilistic scenarios and problems to
more familiar ones like coin flips. Problems in this course are designed with this learning objective

in mind.
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9. Discrete Uniform, Hypergeometric,

and Poisson

Last lecture, we covered several named distribution families that arise from coin flipping. Today,

we consider several more important discrete distribution families that arise in other settings.

Definition 9.1. Suppose C is a finite and nonempty set of numbers, and let X be a number drawn
uniformly at random from C' (i.e. each number has equal probability of being drawn). Then X has

the Discrete Uniform distribution with parameter C, abbreviated as DUnif(C).

Remark. It is immediate from the definition that if X ~ DUnif(X), then supp(X) = C and its

PMF is given by px(z) = 1/|C| for all z € C. Also, note that the parameter C is a set.

Several of the distributions from last lecture considered a setting where coins were flipped repeat-
edly, with the coin tosses being independent. Our next named distribution family considers a

setting where draws are done without replacement, and hence not independent.

Definition 9.2. Let w, b, and n be positive integers with n < w + b, and suppose we have an urn
containing w white balls and b black balls. Let X be the number of white balls in a random sample
of n of these balls drawn without replacement. Then the distribution of X is Hypergeometric

with parameters w, b, and n, abbreviated as HGeom(w, b, n).
We can derive the PMF of the hypergeometric using counting arguments.

Proposition 9.3. Suppose X ~ HGeom(w,b,n). Then supp(X) = {max(0,n —b),..., min(w,n)}
and the PMF of X is given by

+b— b
(@) (ee) _ (D62

px(z) = P(X =x) = (w+b) = (w+b)

for all x € supp(X).
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Proof. Consider X ~ HGeom(w,b,n) as in the story definition. The number of white balls in the
sample upper bounded by both n (the size of the sample) and w (the total number of white balls
in the urn). Conversely, the number of white balls in the sample is trivially lower bounded by 0
and also by n — b, since the number of black balls in the sample is upper bounded by min(b, n).
Thus supp(X) = {max(0,n —b), ..., min(w,n)}.

Now we show the two different representations of the PMF by two different stories. First, we view
balls of the same color as indistinguishable. Suppose the w + b balls in the urn are arranged in
a random order and the n balls drawn correspond to the first n of these in the order. For any
x € supp(X), the event X = z is equivalent to the event that there are x white balls and n — x

black balls among the first n balls. There are (w;rb) total ways to order all the balls (choose the

w—+b—n
w—x

positions of the white balls). Out of these, by the multiplication rule there are (Z) ( ) orderings
containing both x white balls in the first n positions and w — z white balls in the last w +b —n
positions. With all orderings equally likely, by the naive definition of probability we conclude
bh—

() (")

(w+b)

w

Alternatively, we could view all the balls as distinguishable. Then there are a total of (
b

n—x

P(X =2x)=

w+b

n ) ways

to select a collection of n balls from the urn. Of these, there are (7”:)( ) selections containing x

white balls and n — x black balls. This shows

() ()
(")

as well. Note that the equivalence of our two expressions for the PMF could have been shown using

P(X =2)=

algebra. However, this “story proof’ provides a different probabilistic insight. O

The hypergeometric distribution can be quite challenging to grasp fully upon a first (or second, or

third) reading, so we provide some examples.

Example 9.4 (Capture-recapture). Suppose a forest contains N elk. We randomly see and tag m
of them. At a later date, we see n of these elk; assume that all (]X ) of the elk are equally likely
to appear. Then the number of tagged elk follows a HGeom(m, N —m,n) distribution (the tagged
elk correspond to the “white balls” and the untagged elk correspond to the “black balls”). This
idea of capture-recapture is widely used in ecology to infer the total population size N when it is

unknown.
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Example 9.5 (Aces in a poker hand). The distribution of the number of aces in a 5-card hand

drawn at random from a standard 52-card deck is HGeom(4, 48, 5).

Proposition 9.6. Suppose X ~ HGeom(w,b,n) and Y ~ HGeom(n,w + b — n,w). Then X and

Y have the same distribution.

Proof. Immediate after noting that X and Y have the same PMF, by Proposition 9.3. The “story”

argument comes from the equivalence of the two stories in the proof of that result. O

The final named discrete distribution family we will study is commonly used in modeling generic
count data, due to a few nice mathematical properties, some of which we will come to discover later

in the quarter.

Definition 9.7. A random variable X follows a Poisson distribution with parameter A > 0,

abbreviated Pois()), if its PMF satisfies px (z) = P(X = z) = e 227

z!

The Poisson distribution arises from a fairly technical result known as the law of rare events, which

we won’t prove in this course; instead we state an informal version.

Theorem 9.8 (Law of rare events). Suppose we have a series of n events Ay,..., Ay, occurring
with probabilities p1, . .., pyn, respectively, and assume the events are independent or nearly so. Then
if Y i, pi converges to some A > 0 as n gets large, the distribution of Y ;" | La,, the number of

events among Ax, ..., A, that occur, is approzimately Pois(\).

Example 9.9. Suppose 10,000 cars pass by a curved stretch of Highway 17 on a given day, and
each of those cars has probability 0.00005 of crashing into the guardrail. Then the distribution
of the number of cars that crash into the guardrail that day is approximately Pois(0.5) (note
0.5 = 10,000 - 0.00005), and the probability of at least one accident is about 1 — exp(—0.5), by the
Poisson PMF. Note that we might not expect each car to crash into the guardrail independently;
one car crashing might encourage a cascade of crashes due to distracted driving, etc. But as long
as this dependence is sufficiently “weak,” the law of rare events ensures the Poisson is a good

approximation for the distribution of the number of accidents.

Remark. In the setup of the law of rare events, if the events are all completely independent and
p1 =...=p, = p, then the exact distribution of > 7" | I, is Bin(n,p). The law of rare events says
that if p — 0 as n — oo in a way such that np — A € (0, 00), then this distribution is approximately

equivalent to Pois(A) in the limit.
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10. CDFs, transformations, and

independence of random variables

Besides the PMF, another important function that determines the distribution of a random variable
is the cumulative distribution function, or CDF. Unlike PMFs, CDFs are defined for any random

variables (including non-discrete ones), and we will study them extensively later on in the course.

Definition 10.1. The cumulative distribution function (CDF) of a random variable X is a

function Fx : R — [0, 1] mapping each z € R to P(X < z).
Example 10.2. If X ~ Bern(p), then the CDF of X is given by

0 xr <0
Fx(z) = 1—-p 0<z<1

1 rz>1
See Fig. 10.1 for a graphical representation in the case p = 0.6.

It is easy to show that for discrete random variables, the CDF determines the PMF, showing that
the CDF determines the distribution by Theorem 7.6.

Theorem 10.3 (CDF determines the distribution). Suppose X andY are discrete random variables
with the same CDFs, i.e. Fx(a) = Fy(a) for all a € R. Then they have the same distributions,
i.e. Lx(B)= Ly (B) for all B CR.
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Figure 10.1: The CDF of the Bern(0.6) distribution
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Proof. Fix x € supp(X). With X discrete, there exists o < x so that supp(X )N (xg,z) = (). Then

P(X::L') :P(X Sl‘) —P(X Sajg) :Fx(l')—Fx(.%'o)

= Fy(z) — Fy(z0) since X and Y have the same CDF

where the last equality follows from the fact that X and Y must have the same support (if not, Fy
would have a “jump” where Fx does not). Thus X and Y have the same PMF. O

Next, we define the notion of independence of random variables, related to but distinct from the

notion of independence of events.

Definition 10.4. Random variables X7, ..., X,, are independent if P (N, X; € B;) = [, P(X; €

B;) for any sets Bj, ..., B, of real numbers.
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Remark. If X;,..., X, are independent, then for any sets B, ..., B,, the events X; € By,...,X,, €
B, are independent (to check e.g. pairwise independence of X; € By and Xy € Bsg, apply Defini-
tion 10.4 with B3 = --- = B, = R).

Definition 10.4 is quite cumbersome to check in practice, since it suggests we need to check some
probabilities for every possible set of real subsets Bi,...,B,. Luckily, it turns out this is not

necessary (we will not prove this).

Proposition 10.5. Random variables X1, ..., X,, are independent if and only if P (N}_; X; < x;) =
[[n, P(X; < ;) for all real numbers x4, ... ,xy,. If X1,..., X, are discrete, then they are indepen-
dent if and only if P (N1 X; = x;) = [[;; P(X; = ;) for all z1 € supp(X1),...,x, € supp(X,).

Intuitively, independence of X and Y means that knowing anything about the distribution of X
does not change your belief about the distribution of Y. This can be seen if we rewrite the definition
of independence in terms of conditional probabilities; if P(X € Bj) > 0, we have by the definition

of conditional probability that
P(XGBleEBQ) :P(XEBl)P(YEBQ) < P(YEBQ ‘ XGBI):P<Y€B2)

An important special case of independent random variables, commonly encountered in statistics,

is when all those random variables have the same distribution.

Definition 10.6. If X4, ..., X, are independent random variables with the same distribution, then

they are said to be independent and identically distributed (i.i.d.).

Armed with the concept of independence of random variables, we are ready to state a few results

about sums of independent random variables.

Theorem 10.7. Suppose I1,...,I, are i.i.d. Bern(p) random variables. Then Iy + --- + I, ~
Bin(n, p).

Proof. We present a “story proof.” A more analytical proof of a similar result is presented in
Theorem 10.9. View each I; as the indicator of whether the i-th flip of a coin that lands heads
with probability p indeed lands heads. Note this is valid because we have assumed the random
variables are independent (if they weren’t, we could not model the setting with independent coin
flips). Then I; + - -+ + I, is the number of heads in n flips of the coin, so must have the Bin(n, p)

distribution by the definition of the binomial. O
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Corollary 10.8. If X ~ Bin(n,p) and Y ~ Bin(m, p) are independent, then X +Y ~ Bin(n+m,p).

Proof. By the previous theorem we can represent X =1, +---+ I, and Y = J; + - -- + J;, where
L,....1,,Ji,...,Jn are i.i.d. Bern(p) random variables (independence of X and Y ensures we
can view the J; as independent of the I;). Thus X +Y ~ Bin(n + m,p) by applying the previous

theorem once again. O
Now we show that the sum of independent Poisson random variables also has a Poisson distribution.
Theorem 10.9. Suppose X ~ Pois(\) is independent of Y ~ Pois(u). Then X +Y ~ Pois(A+ p).

Proof. We directly compute the PMF of Z = X +Y. Let Z; ={0,1,...} and fix z € Z;. Then

PZ=2))=P(X+Y =2 = Z P(X +Y =2zNnX = z) by countable (finite) additivity
=0

:ZP(X:a:ﬂY:z—x)
:ZP(X:x)P(Y:z—x) as X IIY and supp(Y) = Z,

o )\/\x — W, 2=
= Z cH ) by the Poisson PMF

= 6_(A+")(>\+M)Zi xl(zl_ ) <>\iu>z </\iu>z_m

=0

Since the PMF of a Bin (z A ) random variable must sum to 1, we have

) m
z Y x Y n—x A x n—x
R0 G (o) St () (75)
=\ A p A p Ji'z—x A p A+ p
We conclude from the above that P(Z = z) = e~ (A tH) ()‘Jr“ ) , showing Z ~ Pois(\ + p). O

Proposition 10.10. If Xy,..., X, are i.i.d. Geom(p) random variables, then Xy + --- + X, ~
NBin(n, p).

Proof. As in the Negative Binomial story, repeatedly flip a coin that lands heads with probability p
until you’ve seen n heads. Let X7 be the number of flips before the first head, and X; between the
(¢ —1)-th head and the i-th head for i > 2. Then Xj, ..., X,, are independent since they correspond

to distinct flips, while they all have a Geom(p) distribution by the story of the Geometric. O
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11. Expectation: Definitions,
linearity, and LOTUS

Today we begin our discussion of expectation. The expectation of a random variable is a single
number that corresponds to the average value it takes on. For a discrete random variable, it can
be viewed as a weighted sum of the possible values of the random variable, where the weight for a

given value is equal to the probability the random variable takes on that value.

Definition 11.1. Let X be a discrete random variable with PMF px. Then its expectation E[X]

is given by

E[X] = Z x - px(x)

z€supp(X)

Note that if supp(X) is infinite, then E[X] is defined by an infinite sum which may not converge.

In that case, we say E[X] does not exist.

Remark. The expectation of a (discrete) random variable is a deterministic function of its PMF,

so any random variables with the same distribution must have the same expectation.

Example 11.2. Suppose X is a constant random variable, i.e. P(X = ¢) = 1 for some constant c.

Then E[X]=c-1=c.
Example 11.3. Suppose X ~ Bern(p). Then E[X]|=0-(1—p)+1-p=p.

Example 11.4. Suppose X ~ Pois(A). Then

—)\)\x © e—A)\x 0 A
_ A
YT YT z@_“
=1 =1
o0
2T~ 1
oA
2
r=
e )\z 1 AT
= ) since Z Z Pl e by Taylor series

=0
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An extremely useful property of expectation is linearity. The utility comes from the fact that
deriving the distribution of a sum of random variables (with possibly complex dependence structure)
can be quite tedious. However, if each of the individual random variables has an expectation that’s
easier to calculate (e.g. because its PMF is known or easy to work with), then it’s easy to compute
the expectation of the sum by linearity. Note that linearity does not require any assumptions about

the dependence structure between the random variables in the sum.

Theorem 11.5 (Linearity of expectation). Let X and Y be random variables and a, b be real

numbers. Then
1. E[aX] = aE[X]
2. E[X +Y] =E[X]+E[Y]
and hence ElaX + bY] = aE[X] + DE[Y].

Proof. We will only prove linearity for the case that X and Y are discrete. Let px and py be the
PMFs of X and Y, respectively. First, we show item 1. Let Z = aX and first suppose a # 0, so
that we can uniquely write each z € supp(Z) as z = ax for some x € supp(X). Then

EZ]= Y 2P(Z=2= > (w)P(Z=ax)= Y  aP(X=2x)=aE[X]

z€supp(Z) z€supp(X) z€supp(X)

by applying the definition of E[Z], the fact Z = ax <= aX = ax <= X = z, and then the
definition of E[Z]. For a = 0 we have Z = 0 and hence E[Z] = 0 = 0 - E[X] by Example 11.2.
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Now for item 2, we write Z = X 4+ Y and note that

EZ)= > 2P(Z=2)

z€supp(2)

= Z Z P(X =x,Z = z) by countable additivity
ze€supp(Z) x€supp(X)

SID VN SECE SR

zesupp(X) z€supp(Z)

= Z Z 2P(X =2,Y =2z —ux)

z€supp(X) z€{z'€supp(Z):2' —ze€supp(Y)}

= Z Z (r+y)P(X =z,Y =y)

z€supp(X) yEsupp(Y)

= Y 2 Y PX=zy=yn+ Y y Y PX=zY=y

zesupp(X) yesupp(Y) yesupp(Y) zE€supp(X)

= Z xP(X =1z)+ Z yP(Y = y) by countable additivity, twice
zesupp(X) yesupp(Y)

— E[X] + E[Y]

The fourth equality above follows because X = x and Z = z if and only if X =z and Y = z — «,
and if z —x ¢ supp(Y') we have P(X =z,Y = 2 —2) < P(Y = z — z) = 0. Finally, we conclude
ElaX +bY] = E[aX] + E[bY| = aE[X] + DE[Y] by applying item 2 followed by item 1. O

Corollary 11.6 (Monotonicity of expectation). If P(X >Y) =1 then E[X] > E[Y].

Proof. If P(X >Y) = 1then X —Y > 0 with probability 1, hence E[X —Y] is a sum of nonnegative

numbers, thus nonnegative. The result follows by linearity. O
Proposition 11.7. Suppose X ~ Bin(n,p). Then E[X] = np.

Proof. X has the same distribution as Iy + --- + I,, where I,..., I, are i.i.d. Bern(p) r.v.’s, so
E[L;] = p for each i. Then by linearity E[X] = > | E[I;] = np. Note the independence is not
needed. O

We will see several more examples of the power of linearity in the next lecture. For today, we
conclude with one other tool that allows us to compute expectations of a transformation (function)

of a random variable in terms of the distribution (PMF) of the original random variable.

Theorem 11.8 (LOTUS). Let g : R — R be a function and X be a discrete random variable with
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Proof. Let Y = g(X).

E[Y] =

(]
<
:9
>~.<
I
=

y€supp(Y)

|
(]

yP(X € {x € supp(X) | g(z) = y})
y€Esupp(Y)

Il
(]

y Z P(X = z) by countable additivity
yesupp(Y)  zesupp(X),g(z)=y

_ Y g@)P(X =)

y€supp(Y) z€supp(X):g(x)=y

- Y g@px@)

zesupp(X)

where the last equality follows because supp(Y') = {g(z) | € supp(X)}, so that O

The preceding theorem is called the law of the unconscious statistician (LOTUS), because it
seems like something a statistician might do in their sleep: replace x in the definition of expectation

with g(z) but not touch the px(x) part. However, it works!
Exercise 11.9. Suppose X ~ Pois(\). Find E[e~*].

Solution. By LOTUS and the Taylor expansion of the exponential function, we have

]E[e_X]:ie_x _A)\ = _AZ x! —
=0 =0
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12. Indicator random variables

Recall that for any event A, the corresponding indicator random variable 14 equals 1 whenever A

is true, and 0 otherwise. Thus I4 ~ Bern(P(A)) which immediately implies the following property:

Proposition 12.1 (Fundamental bridge). For I4 the indicator random variable of an event A, we

have E[I4] = P(A).

The fundamental bridge is incredibly powerful when paired with linearity. Frequently, some random
variable X of interest can be written as a sum of indicators of various events, i.e. X = > " | I4,
for some events Ai,...,A,. These indicators are often not independent, which can make the
full distribution of X challenging to derive. However, since linearity of expectation holds for any

collection of random variables regardless of their dependence structure, we have
n n
E[X]=) Ell4]=) P(4)
i=1 i=1

Exercise 12.2. The numbers 1,...,n are randomly ordered. Define a local maximum in the
ordering to be any number in the ordering that is larger than the adjacent numbers. For instance,
the number in the first position is a local maximum if it is larger than the number in second
position, the number in the last position is a local maximum if it is larger than the number in the
penultimate position, and all other numbers are local maxima if they are larger than both of the

numbers adjacent. What is the average number of local maxima in the ordering?

Solution. Let X be the number of local maxima in the ordering. We can write X =11 +---+ I,
where for each ¢ = 1,...,n, I; = 14, is the indicator for the event A; that the number in position
i is a local maximum. By symmetry we have P(A;) = P(A,) = 1/2 while P(4;) = 1/3 for all

i =2,...,n— 1. Hence by linearity and the fundamental bridge,

E[X] :ZP(Ai):1+1(n—2): ”;1
=1

3
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Exercise 12.3. Thomas draws cards one at a time, without replacement, from a standard deck of

52 cards. On average, how many cards does he draw before getting an ace for the first time?

Solution. Number the non-ace cards from 1 through 48, and let I; = I, be the indicator of the
event A; that the i-th non-ace card appears in the deck before the first ace. Note P(4;) = 1/5
since by symmetry, all five orderings of the four aces and the i-th non-ace card are equally likely.
But then X = Z?il I; is the number of cards drawn before getting an ace for the first time, so by

linearity and the fundamental bridge

EX] = Y P(4) =| T

5
=1
Another solution is to create indicators Ji, ..., Jso where J; is the indicator that cards 1,...,7 are
non-aces. Then E[J;] = % fori=1,...,48 (with Jyg = - -- = Jso = 0). This will give the

right answer but the sum Z?il E[J;] is much harder to compute without a calculator/computer. [

Indicator random variables will also allow us to compute the mean of geometric, hypergeometric,

and negative binomial random variables.

Theorem 12.4. Suppose X ~ Geom(p), Y ~ NBin(r,p), and Z ~ HGeom(w, b,n). Then

1- 1-
E[X] Poogy)= ™ Elz1= rl-p)
D w+b D
Proof. As in the definition of the Geometric distribution, we can write X = > "2, I; where for each

© > 1, I; = 14, is the indicator of the event A; that the first ¢ flips are all tails. Since the coin flips

are independent, we have P(A;) = (1 — p), so by linearity and the fundamental bridge

BIX] = Y0 P(4) = Y (1-p) = L
i=1 i=1

by the formula for the sum of a geometric series.

Since we can represent Y as the sum of r (independent) Geom(p) random variables, linearity

immediately implies E[Z] = @.

Finally, as in the definition of the Hypergeometric, for ¢ = 1,...,n let I; be the indicator of the

event A; that the i-th ball drawn is white. Then Z = 71", ;. As P(4;) = ;%3 for all 4, by

linearity and the fundamental bridge

nw
w—+b

E[Z] =) P(4;) =
=1
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Remark. If the cards in Exercise 12.3 were drawn with replacement, then we’d have X ~
Geom(1/13) and E[X] = 12 by the previous theorem, which is larger. On the other hand, if
in the Hypergeometric story of the previous proof, we drew the n balls with replacement, the num-
ber of white balls would be Bin(n, w/w+b) and hence have the same mean as Z ~ HGeom(w, b, n).
To summarize: In a fixed number of draws from a bifurcated population, the expected number of
individuals of one type is the same whether sampling is done with or without replacement. But
when drawing until the first individual of that type, on average it takes fewer draws to do so when

sampling without replacement than when sampling with replacement.

Example 12.5. In the setting of the Birthday problem (Exercise 2.2), what is the expected number
of distinct birthdays of the k& people? What is the expected number of pairs of people with the

same birthday?

Solution. Let X be the number of distinct birthdays. We write X = Z?ﬁ? I; where I; is the

indicator of the event A; that someone in the room has a birthday on day i of the year. We have

P(AY) = P(ﬂ?zl person j does not have birthday on day 7)

364\F :
=\ 368 as birthdays are assumed independent

Hence by linearity and the fundamental bridge

k k
E[X] = ZP(Ai) =365 (1 - (g’gg) )

Now let Y be the number of pairs of people with the same birthday. There are (S) pairs of people

in the room. Changing notation a bit to not conflict with the previous part, let .J; be the indicator
k
2

of the event B; that the i-th pair has the same birthday. We have P(B;) = 1/365 and Y = Zz(:)l Ji,

SO

44



13. Variance

Expectation is a measure of the average value of a random variable. Another fundamental aspect
of a distribution we might care about is its variability about its average value. The concept of

variance quantifies this.

Definition 13.1. For a random variable X, its variance is given by Var(X) = E[(X — E[X])?],
and its standard deviation is SD(X) = /Var(X).

Remark. The random variable (X — E[X])? is the squared difference between X and its mean
E[X] (which is non-random, i.e. a number). Thus, Var(X) can be viewed as the “average squared

deviation” of X from its mean.

The definition of variance is a bit clumsy to work with. It is often much easier to use the following

identity.
Proposition 13.2. For any random variable X, we have Var(X) = E[X?] — (E[X])2.

Proof. We compute
Var(X) = E[(X — E[X])?] = E[X? - 2XE[X] + (E[X])?]
= E[X?] - E2XE[X]] + E[(E[X])?] by linearity of expectation
= E[X?] — 2E[X]E[X] + (E[X])? by linearity again
= E[X?] — (E[X])?
O

Example 13.3. If X ~ Bern(p), then Var(X) = p(1 — p). To see this, by LOTUS we have
E[X?] =p-12+ (1 —p)-0? = p. Recalling E[X] = p we have Var(X) = p—p? = p(1 — p) as desired.
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Example 13.4 (Poisson variance). Suppose X ~ Pois(\). Then

X% = ZmQ exp(— A
=0
= Nexp(—\) + Zx exp(—)\)g
=2 ’
o )\.’E
= Nexp(—A) + Zexp(—)\)m(x —
=2 ’
o0 Am
= A [exp(—=A) + > exp(—A)(z + O]
=1

= Aexp(=\) + E[X] + (1 —exp(—A))] = A(A+ 1)
Thus Var(X) = E[X2] — (E[X])2 = A(A+ 1) — A2 =[A].

Example 13.5 (Geometric variance). Computing the geometric variance requires some wizardry.

Let X ~ Geom(p); then the fact that the PMF of a Geometric distribution sums to 1 yields

1= (1-pp=p+1—-pp+>_ (1-p)p
=0 r=2

Taking the derivative with respect to p on both sides, we obtain

o o
0=2-2p-> x(1-p)" 'p+> (1-p)
=2 =2

Taking another derivative yields

o0 (o)
=—2+Z (=11 -p)™ =Y a(1-p)™ =Y a1 -p)"

=2 r=2
:—2+Zm +32+2)(1 —p)*p— 2230—1—2 p)*Ht

=0

:_2+E[X2+3X+2]—2(1;)E[X+2]

With E[X] = (1 — p)/p as computed above, we conclude

E[X?] = 1;? (4_3+ 2<1p—p>> _(1-p)2-p)

and

1—p)(2— 1-p)? |1-—
VaI‘(X):E[XQ]—(E[X])QZ( p])gg p)_( pp) — p

Here are some important properties of the variance:
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Theorem 13.6 (Properties of variance). Suppose Xi,..., X, are independent random variables.

Then for any constant ¢, we have

1. Var(X; + ¢) = Var(X))

2. Var(cX) = ¢2Var(X)

3. Var(3 iy Xi) =321, Var(X;)
Proof. We only prove the first two identities; the third will be proven later in the course. That first
identity follows from the decomposition Var(X) = E[X?] — (E[X])%:

Var(cX1) = E[(cX1)?] — (E[cX1])? = E[X?] — (cE[X1])? = *Var(X,)
The second is easiest to show by the definition of variance. Let Y = X1 + ¢, so
Var(Y) = E[(Y ~ E[Y])*] = E[([X1 + ¢] - E[X1 + c])?] = E[(X1 — E[X1])*] = Var(X1)
O]

Remark. The previous result shows a sort of “linearity of variance” for independent random
variables. It does not hold for random variables with general dependence structure; for instance

Var(X + X) = Var(2X) = 4Var(X) which is not the same as Var(X) + Var(X) = 2Var(X).

Example 13.7 (Binomial variance). Since a Bin(n, p) random variable has the same distribution as
the sum of n independent Bern(p) random variables, if X ~ Bin(n,p) then Var(X) = .
We can view X/n as modeling the proportion of successes in n independent trials, each with
probability p of success; note Var(X/n) = (1/n?)Var(X) = (p(1 — p))/n gets smaller as n gets

large.

Example 13.8 (Negative Binomial variance). Since a NBin(r,p) random variable has the same

distribution as the sum of r independent Geom(p) random variables, if X ~ NBin(r,p) then

1—
Var(X) = r( 5 p) :
p
Example 13.9 (First success variance). If X ~ FS(p), then X — 1 ~ Geom(p). Thus Var(X) =
1—
Var(X — 1) = pzp .
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14. Continuous random variables:

PDFs and the Uniform

Definition 14.1. A random variable X is continuous if its CDF Fx(z) = P(X < z) is continuous
everywhere, and differentiable at all but countably many points. In that case, fx(z) = Fi(x) is
called the probability density function (PDF') of X, and the support of X, supp(X), is defined

as the interior of {z | f(z) > 0}. !
Proposition 14.2. If X is continuous, then P(X = a) = 0 for any constant a.

Proof. As usual, let Fx be the CDF of X. Then
P(X=a)<Pla—h<z<a)=Fx(a)—Fx(a—h), foralh>0
The result follows by continuity of Fx upon letting h | 0. O

We can compute the CDF from the PDF by the fundamental theorem of calculus, and using the
fact that lim, , o Fx(x) =lim,, - P(X <x)=0.

Proposition 14.3. If fx is the PDF of a continuous random variable X, then its CDF Fx is
given by

Fx(x) = /z fx(t)dt

Remark. It can be shown that Theorem 10.3 holds for continuous random variables as well. Then
by Proposition 14.3, the PDF determines the distribution of a continuous random variable. So
when asked to specify the distribution of a continuous random variable, it suffices to either specify

the PDF or CDF.

In this class, for simplicity we will assume the support of any continuous r.v. is an open interval, including

possibly the entire real line.
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Proposition 14.3 shows us how to compute the probability that X lies in any interval using inte-

gration: ,
P(X € [a,}]) = / f(w)da

Note that it doesn’t matter whether we include either of the endpoints a or b in the interval, by
Proposition 14.2. It also shows that PDF's have to integrate to 1: f_oooo fx(t)dt = 1. We also remark

without proof that we can generalize the preceding display to

Lx(B) = P(X € B) = / F(@)da
B
for all B C R. The preceding display shows indeed that the PDF determines the distribution.

Remark. While a PMF of a discrete random variable evaluated at any given value x is the prob-
ability of an event, PDFs should not be interpreted as probabilities. For one thing, PDFs can be
larger than 1, as we will see below. The proper way to interpret PDFs is to note that for small

A > 0 we have
P(X €[5, + A])

A =~ fx(fl,')

We now provide our first example of a continuous distribution family.

Definition 14.4. The Uniform distribution with parameters a < b, abbreviated as Unif(a, b), is
the continuous distribution supported on [a,b] whose PDF is constant on that interval. That is,

X ~ Unif(a, b) then fx(x) = (b—a)~! for all a < x < b (with fx(z) = 0 otherwise).

Remark. If X ~ Unif(a,b), the constant PDF (b—a)~! can be easily derived from the requirement
that PDF's integrate to 1. Also, by Proposition 14.3, its CDF is

Fy () :/x(b—a)_l =72 s (ab)

Remark. The PDF of a Unif(0,1/4) random variable is equal to 4 on the interval (0,1/4), em-
phatically reminding us that a PDF does not directly correspond to a probability. To derive PDFs,
it is often useful to start with the CDF and then differentiate, because the CDF corresponds to the

probability of an actual event.

A scaled and shifted Uniform random variable is still Uniform, with appropriately scaled and shifted

parameters:

Proposition 14.5. Suppose U ~ Unif(0,1). Then for any a < b, we have (b—a)U +a ~ Unif(a, b).
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Proof. Let X = (b —a)U + a. Then for each z € [a, b] we have

Fx(o) = P(b- U +a o) =P (U< 5=0) = § ="

which matches the Unif(a, b) CDF. O

Uniform random variables are useful because of the following property which shows that a uniform
random variable can be elegantly transformed into any other continuous random variable by means

of a (deterministic) transformation:

Theorem 14.6 (Universality of the uniform). Suppose F' is a continuous CDF that is strictly
increasing on the support of the corresponding distribution. This implies the existence of the inverse
function F~1: (0,1) — R, which is also increasing. Then if U ~ Unif(0,1), F~Y(U) is a random
variable with CDF F. Conversely, if X is a random variable with CDF F, then F(X) ~ Unif(0, 1).

Proof. First suppose U ~ Unif(0, 1) so its PDF is fy(u) =1 on (0,1). Then for any x we have

P(FYU)<z)=PU < F(z)) = /0 fu(u)du = F(x)

where the first inequality uses the fact that F' is increasing and thus can be applied to both sides
of the inequality F~(U) < z. This shows that F~}(U) has CDF F. Conversely, if X has CDF F,

then for each u € (0,1) we have

P(F(X)<u)=PX <F ') =FF () =u

where the first inequality uses the fact that F~! is increasing. ]

In the previous theorem, F(X) and F~!(U) may seem like a strange objects — plugging random
variables into CDFs and their inverses. But remember that F' and F~! are just (non-random)
functions, so F(X) and F~Y(U) are just transformations of random variables, hence themselves
random variables (recall Lecture 10). The utility of universality of the uniform in computation is
that any continuous distribution (with known inverse CDF F~!) can be simulated by simply first

drawing a Unif(0, 1) random variable, then applying F~! to it.

We conclude by defining expectation for continuous random variables. It is analogous to the discrete

definition, except the PMF is replaced with the PDF, and the sum replaced by an integral:
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Definition 14.7. If X is a continuous random variable with PDF fx, its expectation E[X] is
oo
E[X] = / xfx(r)dr
—00
It can be shown that linearity also holds for continuous random variables, along with the following
statement of LOTUS, making it possible to compute the expectation of g(X) using only the PDF
of X. We do not prove this.

Theorem 14.8 (Continuous LOTUS). Let g : R — R be a function and X be a continuous random
variable with PDF fx. Then

HMXH=/mg@Hk®Mx

—0o0

Example 14.9. Suppose U ~ Unif(0,1). Then using the definition of expectation and LOTUS:

! 12 0% |1
E = d = — — — = | =
U] /0 udu = = — 3 5

Hence

1 1

Wﬂw=EWﬂ—®wW:_<>2:1

3 2 12

by Proposition 13.2. Also, by Proposition 14.5, for X ~ Unif(a,b) we know X has the same

distribution as (b — a)U + a, so by the properties of expectation and variance we have

b— +b b—a)?
E[X] = 2“+a:a2 L Var(x) = 12“)
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15. The Normal distribution

One of the most ubiquitous continuous distribution families is the Normal distribution. The reason
the Normal distribution family arises so frequently is due to something called the central limit
theorem, which we will study at the end of the course. For now, we define the Normal distribution

family by the PDF and study some of its mathematical properties.

Definition 15.1 (Normal distribution). A random variable Z has the Normal distribution with
mean g € R and variance 02 > 0, abbreviated as Z ~ N (u, 02), if its PDF is given by

! o)

fz(2) = ooz P (

for z € R. The N(0, 1) distribution is called the standard Normal distribution.

202

Definition 15.2. Let ¢ denote the standard Normal PDF and let ® denote the standard Normal
CDF:

o(2) = e (—2) e = [ et

Note that there is no closed-form expression for ®.

Figure 15.1 plots ¢ and ®. The shape of the standard Normal PDF ¢ is the reason the normal
distribution is often called a “bell curve.” The functions ¢ and ® have some useful symmetry

properties:
Proposition 15.3. For all z € R, we have p(z) = p(—2) and ®(z) =1 — $(—=z).

Proof. That ¢(z) = ¢p(—z2) is immediate from the definition. Next

o) = [ = [ oo = [ oty =1-a(-2)

—00 —00 —Zz

by the substitution y = —x. O
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An important property of the normal distribution family is that it is closed under translation and
scalar multiplication. To show this, we begin by writing the CDF and PDF of a translated and

scaled random variable in terms of the CDF and PDF of the original random variable.

Proposition 15.4. Let X be a random variable with CDF F. Then for any p € R and o > 0, the
CDF of Y = p+ 0X is given by Fy(y) = F (%) Furthermore, if X is continuous with PDF f,
then Y is continuous with PDF fy(y) = L f (%)

o

Proof. By the definition of the CDF, we have

g (o

Fy(y)—P(Yéy)—P(u+0X§y)_P<X§y_ﬂ> _F<y_“>

Note we used the fact that ¢ > 0 to ensure that 40X <y is equivalent to X < Y=£. The second

assertion fy(y) = 1 f (=£) follows by differentiating both sides of the preceding display. O

T o
Exercise 15.5. If Z ~ N(0,1), then Y =+ 0Z ~ N(p,0?) for any u € R, o # 0.
Solution. First suppose o > 0. Then by the previous proposition, Y has PDF
1 (y—p) 1 1 y—u\? 1 (y — p)?
fY(y) O'SO ( o > P \/% exp ( < o / \/W eXp 20-2

for all y € R. As this is the PDF of a A'(i,0?) random variable, the result follows since the PDF

determines the distribution.

If o < 0, first we note that —Z ~ N(0,1), since
P(-Z<z)=P(Z>-2)=1—®(—2) =D(z)
by Proposition 15.3. Then Y = p+ (—0)(—Z) and the result follows from the case ¢ > 0. O

The Normal distribution family has two parameters p and o2, which we called the mean and

variance, respectively. It’s a useful exercise to verify that a random variable Z ~ A (1, 0?) indeed

has mean p and variance o2:

Proposition 15.6. Suppose Z ~ N (u,0?) for any u € R and 0> > 0. Then E[Z] = u and
Var(Z) = o2.

Proof. Take Y ~ N(0,1). By definition of expectation and the fundamental theorem of calculus,

we have

Ev]= [ we)dy=—= [ Yy = tim L Y Ly
[]—/_OoysO(y)y—%/_ooyexp —g ) dy=Jim - e~ ’y}L—

93




Figure 15.1: The standard Normal PDF ¢ (left) and the standard Normal CDF @ (right) on the
interval [—4, 4]:
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By LOTUS we have

() 1 [e%¢] 2
E[Y?] =/ y2o(y)dy = / y2exp (—L ) dy
oo 21 J_oo 2

where the penultimate equality uses integration by parts. Since Z has the same distribution as

u+ oY by the previous exercise, we conclude by linearity and Theorem 13.6 that

EZ] =E[p+oY]|=p+oEY]=p

Var(Z) = Var(u + oY) = 0*Var(Y) = o*
O

We end with an example of computing probabilities involving normal random variables, leaving final
answers in terms of ®. The key insight is that Exercise 15.5 implies that if Y ~ A(u,02), then

Z = % ~ N(0,1). In general, taking a random variable, subtracting its mean, and dividing by
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its standard deviation gives a random variable that has mean 0 and variance 1, by the properties of
mean and variance. We’ve shown above, however, that standardization keeps a Normally distributed
random variable within the Normal family, which will not generally be true for other distribution

families.
Exercise 15.7. Suppose X ~ N(—1,4). Compute P(|X| < 3) in terms of ®.

Solution. The key trick is “standardization”; with X ~ A'(u,0?) we know from Exercise 15.5 that
Z =X L N(0,1). With g = —1, o = 2 we have

P(IX| <3) = P(X <3) - P(X < —3)

:P(Z§3_N)—P(Z<_ﬁ_u>
g ag

=P(Z<2)—P(Z<-1)

=|2(2) - &(-1)|~ 0.819

Alternatively one could use Proposition 15.4 directly. However, the method above avoids having

to memorize Proposition 15.4. O
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16. The Exponential distribution

Today, we will study another important continuous distribution family known as the Exponential.

Definition 16.1. A random variable X has an Exponential distribution with rate A > 0,
abbreviated X ~ Expo(]), if it has PDF fx given by

fx(z) = Xexp(=Az), x>0

As in our discussion of the normal distribution, we begin with a few nice properties of the expo-

nential:
Proposition 16.2. If X ~ Expo(\) and Y = ¢X for some ¢ > 0, then Y ~ Expo(\/c).
Proof. By Proposition 15.4, for all y > 0 the PDF of Y is given by
fr(y) = %fx (%) = %GXP (-i\y)
which matches the PDF of an Expo(\/c) distribution. O

Now we compute the CDF, mean, and variance of an exponential distribution. This provides some

additional practice of the concepts developed in the previous lectures.

Proposition 16.3. If X ~ Expo()), then E[X] = A~! and Var(X) = A2, and the CDF of X is

given by Fx(x) =1 — exp(—=Az) for all x > 0.

Proof. First we use integration by parts to compute some antiderivatives:

/xexp(—m) = —zexp(—x) + /exp(—a:)dac =—(14+z)exp(—z)+C

/:r2 exp(—x) = —z(1 + x) exp(—z) + /(1 + z) exp(—z)dz = —(22 + 2z + 2) exp(—z) + C
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Then by the definition of expectation and LOTUS, for Y ~ Expo(1) we have

o0 . y=L
E[Y] = / yexp(—y)dy = Jim —(1+y) exp(—y)‘ =1
0 —00 y=0
2 < . 2 y=L
E[Y*] = y“exp(—y)dy = lim —(y* + 2y +2) exp(*y)‘ =2
0 L—oo y=0

So by Proposition 13.2, we have Var(Y) = E[Y?] — (E[Y])? = 2 — 12 = 1. As X has the same

distribution as Y/ by the previous proposition, by linearity and Theorem 13.6 we have

EX]=E K} =\ EY] =171

Var(X) = Var (i) = A\"?Var(Y) = A2

Finally, to compute the CDF we use Proposition 14.3 so that for all x > 0, we have

t=x

Fx(x) = /Oz Aexp(—At)dt = — exp(—)\t)‘tzo =1—exp(—Ax)

O

What distinguishes the Exponential distribution is something called the memorylessness property.
The intuition is as follows: suppose the waiting time for a bus in a dysfunctional city “Blotchville”
follows an Expo(\) distribution. Then conditional on having waited x minutes already, the distri-

bution of the additional time that you need to wait is still Expo(A).

Theorem 16.4 (Memorylessness). Suppose X ~ Expo(\). Then for all s,t > 0 we have
PX>t+s|X>s)=P(X >1)

Proof. We compute

P(X>t+s,X >5s)
P(X > s)

P(X >1+5s)

T P(X >

1= Fx(t+s)

N 1-— Fx(S)

exp(—A(t+5))
exp(—As)

PX>t+s|X>s5)=

by the definition of conditional probability

=exp(—At) =1—Fx(t) = P(X >t)
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It turns out that the Exponential distributions are the only continuous distributions that are
memoryless. Meanwhile, the Geometric distributions are the only discrete distributions that are
memoryless. So the Exponential can be viewed as a continuous version of the Geometric. Indeed,
the following result makes this connection more explicit. Recall || denotes the largest integer that
is smaller than or equal to a real number x, while [z] is the smallest integer that is larger or equal

to x.
Proposition 16.5. Suppose X ~ Expo(\). Then | X | ~ Geom(1 — exp(—A)) and [X] ~ FS(1 —
exp(—A)).
Proof. Let Y = | X |. Clearly supp(Y) = {0,1,...,}. For each y € supp(Y), we have
PY =y)=Ply<X<y+1)=Fx(y+1) - Fx(y) =1 —exp(=Ay +1))) = (1 — exp(=Ay))
= exp(—=Ay)(1 — exp(=A))

which matches the PMF of the Geom(1 — exp(—A\)) distribution. Next note that [X] = [X]| + 1
unless X is an integer. But P(X is an integer) = 0 since X is continuous, so indeed [X| has the

same distribution as | X | 4+ 1. Formally, this shows that for any set B C R we have
Lix1(B)=P([X]€B)=P([X]€BNA)+ P([X] € BNA")
=0+ P([X]+1€B)=L|x)+1(B)
where A is the event that X is an integer. O

Proposition 16.6 (Minimum of independent Exponentials). Suppose X1, ..., X, are independent

with X; ~ Expo(X\;) fori=1,...,n. Then X = min(Xy,...,X,) ~ Expo(};; N\i).
Proof. For each z > 0 we have
P(X < 2) = P(ULy{X: < 2})
=1-P(N{X; > z})

n
=1- HP(Xi > z) by independence
i=1

=1- Hexp(—/\ix)
i=1

=1—exp (— Zn: )\ﬂ?)
=1

which matches the CDF of an Expo (> | A;) random variable (Proposition 16.3). O
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17. Joint and marginal distributions

Up until now, we have studied the distribution of one random variable at a time. Today, we
will discuss the distribution of two (or more) random variables simultaneously, known as a joint
distribution. To simplify the exposition, we’ll focus on the case of two r.v.’s, though the concepts

extend generally to any (finite) number of random variables.

Definition 17.1. The joint CDF of two random variables X and Y is the function Fyy : R? —
[0, 1] specifying

Just as the CDF determines the distribution of a single r.v., it can be shown that the joint CDF
determines the joint distribution Lxy given by Lxy(B) = P((X,Y) € B) for all subsets B C R2.
Joint distributions can be also specified by a joint PMF or PDF:

Definition 17.2. If X and Y are discrete, their joint PMF is the function pyy : R? — [0,1]
specifying pxy (z,y) = P(X = z,Y = y). If X and Y are continuous, their joint PDF is the
function fxy : R? — [0,00) with fxy(x,y) = %ny(x,y). The support supp(X,Y) of (X,Y)
is the set of all (z,y) € R? where the joint PMF/PDF is strictly positive.

If X and Y are discrete, we convert the joint PMF to the joint CDF using countable additivity:

0 €(—00,z]Nsupp(X) yo€(—oo,y]Nsupp(Y’)

= > > pxv(wo,50)

w0 €(—00,x]Nsupp(X) yo€(—00,y]
Similarly, we can convert from the joint PDF to the joint CDF by the (multivariate) fundamental

theorem of calculus:

Ty
Fxy(z,y) = P(X <z,Y <y) :/ / fxv(a,b)dbda
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This generalizes to general sets B C R:

Lxv(B) = P((X,Y) € B) = / /B Fxy () dydz

Thus, the joint PMF/PDF determine the joint distribution as well.
The joint distribution of two random variables, in turn, determines the distribution of each com-

ponent random variable, known as the marginal distribution:

Proposition 17.3 (Marginalization). If X andY are discrete with joint PMF pxy, the (marginal)
PMF px of X is given by
px(@)= > pxv(zy)

yesupp(Y)
If X and Y are continuous with joint PDF fxy, the (marginal) PDF fx of X is given by

T) = /_OO fxy (z,y)dy

Proof. The discrete case follows immediately from LOTP:

px(z)=P(X =2)= > PX=zY=y)= > pxy(zy)
yEsupp(Y) y€supp(Y)

The continuous case follows from first considering the CDF":

Fx(x) =P(X <x) / / fxv(a,y)dyda
Differentiate both sides and apply the fundamental theorem of calculus. O

Example 17.4 (Uniform). Suppose U is uniform on some region B C R?, meaning it is supported
on B and has a constant joint PDF on B. Let ¢ be this constant; then we must have 1 = P(U €
B) = [ [ cdydx so we must have ¢ = |B|~* where B = [ [ 1dydz is the area of B. Then for any

15|
PWU€S) = // B| ldydz =

Example 17.5. Suppose U = (X,Y) is uniform on the unit circle in R2. Then the marginal

S C B we have

density of Y is

2

1—y L 2
fy(y)z/ T odr=|—y/1-y*, -l<y<l
—/1—y2 s

2
and by symmetry, the marginal density of X is fx(z) =|=v1—22|] —-1<z<1
T
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Proposition 17.3 shows that the joint distribution determines the marginal distributions. How-
ever, marginal distributions do not determine the joint distribution. For example, suppose we
know both X and Y (marginally) both have a Bern(0.5) distribution. We could have X =Y,
in which case P(X = 1,Y = 0) = 0. Conversely, we could have ¥ = 1 — X, in which case
PX=1L,Y=0=PX=1)=1/2

However, if we know the marginal distributions and that the random variables are independent,
then we have the joint distribution. The easiest way to see this is to note that when X and Y are

independent, their joint CDF is determined by the marginal CDFs by Proposition 10.5:

Fxy(z,y) = Fx(z)Fy (y)

When X and Y are continuous, taking partial derivatives with respect to  and y in the preceding

display also reveals the joint PDF is determined by the marginal PDFs:

fxv(z,y) = fx(@)fy(y)

Thus, one strategy to show two continuous random variables X and Y are independent is to show
their joint PDF fxy (z,y) factors into a product fx(z)fy(y). Analogously, we already know that
we can show discrete X and Y are independent if their joint PMF factors into a product of marginal

PMFs (Proposition 10.5).
Exercise 17.6. Suppose 77 ~ Expo(A;) and Ty ~ Expo(Az2) are independent. Find P(T} < T3).

Solution. We integrate the joint PDF of (71, 75), which is the product of the marginal PDFs:
oo oo
P(T <Ty) = / / A1 A2 exp(—A1z) exp(—A2y)dydz
0 T

[e9) =L
= / (A exp(—A1z)) ( lim —exp(—)\gy)‘y ) dx
0 L—o0 y=x
= / A1 exp(—(A1 + Ao)x)dx
0
A1
A1+ Ao

where the fastest way to see the last line is to note the Expo(A; + A2) PDF integrates to 1. O

We conclude by noting independent and identically distributed (i.i.d.) random variables satisfy a

nice symmetry property:
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Definition 17.7. Random variables Xi,..., X, are exchangeable if (X1,..., X)) has the same

joint distribution as (X 1y, ..., Xz(,)) for all permutations 7 of {1,...,n}.
Proposition 17.8. If X1,...,X,, are i.i.d., then they are exchangeable.

Proof. Let F be the common marginal CDF of the X;. By Proposition 10.5, for any permutation
7, the joint CDF of (X1, .., Xx()) is given by

0

Example 17.9. Suppose X and Y are exchangeable. Then P(X <Y) = P(Y < X). If X and
Y are continuous, this immediately implies P(X < Y) = 1/2 as P(X =Y) = 0 (by integrating
the joint PDF, it is easy to see that the difference or sum of continuous r.v.’s is continuous). More
generally, exchangeability allows us to swap X and Y in any probability statement involving those

two random variables, as by definition, (X,Y’) and (Y, X) having the same joint distribution means

P((X,Y) € B) = P((Y,X) € B) for any set B C R%.
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18. Conditional distributions,

multivariate LOTUS

We’ve seen that conditional probability allows us to update our belief about uncertainty based on

knowledge that some event occurred. Today, we extend this notion to distributions.

Definition 18.1 (Conditioning on a discrete random variable). Suppose Y is a discrete random
variable with PMF py. If X is also discrete, for any y € supp(Y’), the conditional PMF of X
given Y =y is

P(X=2Y =y) _pxv(z,y)
P(Y =y) py (y)

where pxy is the joint PMF of (X,Y). If X is continuous, the conditional PDF of X given

pxy(@|y) =PX=z|Y =y)=

Y =yis

d
fX|Y($|y):d*P(X§3?|Y:?J)

x
When Y is continuous, the event Y = y has probability 0 for all y. However, it is still possible to
define a coherent conditional distribution given Y =y, if y € supp(Y’). The definition is motivated

by conditioning on the event Y € [y, y + A] for small A, and taking the limit as A | 0.

Definition 18.2 (Conditioning on a continuous random variable). Suppose Y is a continuous
random variable with PDF fy. Then if X is discrete with PMF px, for each z € supp(X) and
y € supp(Y) the conditional PMF of X given Y = y is defined as

_Jyix(y | #)px(x)

If X is continuous, the conditional PDF of X given Y =y is

_ fxy(z,y)
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Remark. Using the definition of independence, we can show that independence of X and Y is
equivalent to pxy(z | y) = px(z) for all x,y when X is discrete and fx|y(z | y) = fx(x) for all

x,y when X is continuous.

It can be shown that no matter if X and Y are continuous or discrete, the conditional PMF
px|y and the conditional PDF fyy are valid, in the sense that they determine valid (univariate)
distributions on X for each y € supp(Y). Just like conditional probabilities are probabilities,

conditional distributions are distributions.

Exercise 18.3 (Chicken-egg story). Suppose a chicken lays N ~ Pois(\) eggs. Each egg hatches
independently with probability p. Let X be the number of eggs that hatch and Y be the number
of eggs that don’t hatch. Then X ~ Pois(Ap), Y ~ Pois(A(1 — p)), and X and Y are independent.

Solution. We compute the joint PMF of X and Y for arbitrary z,y € {0,1,2,...}, noting that
N = X +Y and that by the story of the Binomial, X | N = n ~ Bin(n, p):

pxy(z,y) =P(X =2,Y=y)=P(X=z,N=x+y)

=P(X=2|N=zx+y)P(N=z+y)

o x+y T Yy — )\ery

—< x )p (l_p) eXp( )\)(:):—l—y)'

(Ap)* AL —p)*
x! y!

= exp(—Ap) exp(—A(1 —p))

This is the product of the Pois(Ap) PMF evaluated at x and the Pois(A(1 — p)) PMF evaluated at

1y, so the result follows. O

Remark. It is perhaps quite unintuitive that the number of eggs that hatch and don’t hatch are
independent. One might naively expect knowing that a large number of eggs hatched makes it
more likely that a large number of eggs were laid overall, and hence the number of unhatched eggs
is also large. The previous calculation shows, however, that for the Poisson, this intuition is not

quite right.
If X and Y are discrete, the definition of conditional PMFs immediately gives the following re-
statements of Bayes’ rule and LOTP:

PY\X(Z/ | z)px (z)
py(y)

,px(@) = pxyy(@ | y)py (v)
Yy

pxpy (@ |y) =
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We can generalize these results when X and Y are continuous by replacing conditional and marginal

PMF's with conditional and marginal PDFs:

_ fY\X(l/ | z) fx ()
fy(y)

We can also deal with the case where one of X and Y is continuous and the other is discrete, mixing

x| v) . Ixl) = / Fxiv (@ | 9) fyr(w)dy

(conditional) PMFs and PDFs as appropriate. These generalized results follow immediately from
the definitions of conditional PMFs/PDFs. One important example will follow, but first we’ll need

to introduce a new distribution family, the Beta.
Definition 18.4. The Gamma function is defined as I'(z) = [~ *~ ! exp(—t)dt for all z > 0.
Proposition 18.5. The Gamma function has the following properties.
e I'(a+1)=al(a) for alla > 1
e Ifn is a positive integer, then T'(n) = (n — 1)!
Proof. Induction and integration by parts (skipped). O

Definition 18.6. A random variable X has a Beta distribution with parameters ¢ > 0 and
b > 0, abbreviated X ~ Beta(a, b), if it has PDF

F(CL + b) a—1

P = Narw)”

(1-2) o0<z<1
Remark. By matching PDF's, we see that the Beta(1, 1) and Unif(0, 1) distributions are the same.

Example 18.7. (Beta-binomial conjugacy) Suppose we have a coin that lands heads with prob-
ability p € (0,1). If p is unknown, we might model this uncertainty by placing a distribution on
p, e.g. p ~ Beta(a,b). This distribution is called a prior distribution, as it is based on our beliefs
prior to collecting any data. By flipping the coin, however, we can hope to learn more about p. For
example, suppose we flip the coin n times and let X be the number of heads we observe. Since p
is considered random, we cannot say that X ~ Bin(n,p) marginally; rather X | p ~ Bin(n,p). We
can then use Bayes’ rule to compute the conditional PDF of p given X = z, which corresponds to

the posterior distribution of p given X = x:

_ pxpp(e | P)fp(p)

fp|X(p | x) pX(ﬂf)

x px|p(® | p) fp(p) = <Z>px(1 —p)" T p* (1= p) !

erafl(l o\ (n—z)+b—1

x p )
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Here the o« symbol means proportional to, indicating that the left-hand side and right-hand side are
equivalent up to a multiplicative constant that does not depend on p (but may depend on z). Since
PDFs (including conditional PDFs) must integrate to 1, knowing the conditional PDF of p given
X = x up to such a constant determines the PDF completely. By pattern matching, we conclude

p| X =z ~Beta(a+z,b+n —z).

Remark. In general, the posterior and prior distributions will not belong to the same family of
distributions. In this case, they do, which is a property known as conjugacy (one says the Beta

distribution is the conjugate prior for the Binomial distribution).

We conclude this lecture with a generalization of LOTUS, which shows that the expectation of any
transformation of two random variables can be computed in terms of the joint distribution of the

original random variables. We do not prove this.

Theorem 18.8 (Multivariate LOTUS). For any function g : R? — R and random variables (X,Y)

with joint PDF fxy or joint PMF pxy, we have

BX.V) = [ [slen)fordids, Bgxv)= Y gmpo)

(z,y)€supp(X,Y)

66



19. Covariance and correlation

Definition 19.1. Continuing our discussion of joint distributions, today we discuss covariance

¢

and correlation, which pertain to the extent to which two random variables “vary together.” The

covariance between two random variables X and Y is defined as
Cov(X,Y) =E[(X — E[X])(Y — E[Y])]

The correlation between X and Y is a version of the covariance that normalizes by the product

of the standard deviations:

_ Cov(X,Y)
Cor(X,Y) = SD(X)SD(Y)

We will show later in the course that —1 < Cor(X,Y) <1 for any X, Y.

Here are some important properties of covariance:

Theorem 19.2. The following statements are true for any random variables W, X, Y, and Z and

constants a, b, ¢, and d:

1. (Covariance to variance formula) Cov(X, X) = Var(X)

2. (No covariance with constants) Cov(X,a) =0

3. (Symmetry) Cov(X,Y) = Cov(Y, X)

4. (Bilinearity) Cov(aX+bY,cZ+dW') = acCov(X, Z)+adCov(X, W)+bcCov(Y, Z)+bdCov (Y, W)

Proof. Properties 1 through 3 are immediate from the definition of covariance and linearity of ex-
pectation. Bilinearity can be shown in two steps: first show Cov(aX, Z) = aCov(X, Z) (immediate

from the definition) and then show Cov(X + Y, Z) = Cov(X, Z) + Cov(Y, Z) using linearity of
expectation:

Cov(X+Y,Z2)=E[(X+Y —-E[X +Y])(Z-E[Z])] =E[(X —E[X])(Z -E[Z)] + E[(Y —E[Y])(Z — E[Z])]

= Cov(X,Z) + Cov(Y, Z)
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Chaining these two results (with Symmetry) shows the full statement of bilinearity. O

For computing variance, we recall Proposition 13.2 gave an alternative formula from Definition 13.1
that is typically easier to work with in practice. There is an analogous result for covariance, which

holds by a similar argument (expanding out terms and applying linearity of expectation):
Proposition 19.3. For any random variables X andY, we have Cov(X,Y) = E[XY]-E[X]E[Y].

Indeed, with X =Y, Proposition 19.3 reduces to Proposition 13.2 by statement 1 in Theorem 19.2.
Our next result is quite useful, showing that independent random variables are uncorrelated, mean-

ing their covariance (and correlation) is zero.
Theorem 19.4. Suppose X and Y are independent random variables. Then they are uncorrelated.

Proof. We assume X and Y are discrete for simplicity. We compute

E[XY] = Z zypx,y (x,y) by multivariate LOTUS
(z,y)€supp(X,Y’)

= Z xypx (2)py (y) by independence
(z,y)€supp(X,Y’)

= Z Z zypx (x)py (y)

z€supp(X) yEsupp(Y)

— Z xpx (x) Z ypy (y) = E[X]E[Y]

z€supp(X) y€supp(Y’)
where the third equality uses the fact that supp(X)xsupp(Y’) contains supp(X,Y), and px (z)py (y) =
0 for all (z,y) not in supp(X,Y’). The result follows by Proposition 19.3. O

Corollary 19.5. If X andY are independent random variables, then E[g(X)h(Y)] = Elg(X)]E[h(Y)]

for any functions g and h, whenever these expectations exist.
Proof. Since X and Y are independent, g(X) and h(Y) are independent: For A, B C R note

P(g(X) e A,h(Y) e B)=P(X € g }(A),Y e h"}(B))

P(X € g7 (A)P(Y € h™1(B))
P

(9(X) € A)P(h(Y) € B)
where g~!(A) is the preimage of A under g and similarly for A~(B). But by the previous result

0 = Cov(g(X),h(Y)) = E[g(X)h(Y)] — E[g(X)]E[r(Y)]
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On the other hand, uncorrelated random variables can be very much dependent.

Example 19.6. Suppose X ~ N (0,1). Then
Cov(X, X?) = E[X?%] - E[X]|E[X?] =0

where we use the fact that X3 and (—X)? have the same distribution, since X and —X are both
Standard Normal by Exercise 15.5, implying E[X?] = E[(—X)?] = —E[X?], and hence E[X?] = 0.

But clearly, X and X? are not independent - knowing X means you know X? deterministically.

Theorem 19.4 and bilinearity allow us to finish the proof of Theorem 13.6. In particular for any

independent random variables X7, ..., X,, we have

n n n
ar <Z XZ'> = Cov (Z X, Z Xi> by covariance to variance formula
i=1 i=1 i=1

= Z Z Cov(Xj;, X;) by bilinearity

i=1 j=1
n

= ZCOV(XZ‘,XZ‘) as Cov(X;, X;) =0 for all i # j by independence
i=1

= E Var(X;) by covariance to variance formula

Even when random variables are not independent, the covariance to variance formula along with
bilinearity can be quite useful for computing the variance of their sum, by using similar argument

as the preceding display.

Example 19.7. Recall the Hypergeometric distribution. Suppose X ~ HGeom(w,b,n) so that we
can represent X = Z?:l I; where I; is the indicator of the event A; that the i-th ball drawn from
the urn is white. Then

Var(X) = Cov(X, X) ZZCOV I;, I;)

=1 j=1

For each i = 1,...,n we have I; ~ Bern( ) so E[[;] = ;% and Cov(l;, ;) = Var(l;) =

wb
w+b (w+b)2"

For i # j note I;1; = I4,na;. We compute
w—1 w
w+b—1 w—+b

P(AiN Aj) = P(A; | Ai)P(Ai) =

Thus for all i # j we have

w(w — 1) w \?
Some algebra gives the result Var(X) = Zfl)»:? . n(wlj’r%)z.
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20. Multinomial distribution,

convolution

Today we begin by introducting an important multivariate discrete distribution.

Definition 20.1. Suppose I throw n balls into &£ bins. Each ball independently has probability
pi € (0,1) of landing in bin i = 1,..., k. Let X; be the number of balls that land in bin i. Then
the random wvector X = (Xi,..., X)) has the k-dimensional Multinomial distribution with

parameters n and p = (p1,...,p), abbreviated X ~ Multg(n, p).

Remark. The distribution of a random vector X = (X3,..., X)) means the same thing as the

joint distribution of the random variables (Xi,..., Xx).
We can derive the PMF of the multinomial using a counting argument.

Proposition 20.2. If X ~ Multg(n,p), then the PMF of X is given by

n! .
Pil

e
[Tizg 2!

with supp(X) the set of vectors x = (x1,...,x)) of nonnegative integers with Zle Ti=n.

Proof. Consider a particular ordering of the results of the n ball throws in the Multinomial story
where x; of them land in bin 4 for all ¢ = 1,..., k. The probability of this ordering is Hle p;* by

independence. There are kni" such orderings by the multiplication rule. ]

k@
It follows immediately from the story of the Multinomial and Binomial that if X ~ Multg(n,p),
then X; ~ Bin(n,p;) for each i. More generally, for any Z C {1,...,k} we have > ... X; ~
Bin(n, ) ;c7pi). Writing this out explicitly, >, 7 X; counts how many balls landed in one of the
bins in Z; each of the n balls independently has probability ), 7 p; of landing in one of these bins.

Indeed, we have the following “lumping” result:
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Proposition 20.3. If X ~ Multg(n,p) for some k > 2, then

(X1 + X2, X3,..., X)) ~ Multy_1(n, (p1 + p2,03,---,Pk))

We can also condition on a component in the multinomial. The remaining components will follows
a k — 1 dimensional Multinomial distribution. Note we define the conditional distribution of X

given Y as the distribution of X given Y = y, then replacing the number y with the r.v. Y.

Proposition 20.4. Suppose X ~ Multy(n,p). Then (Xo,...,X;) | X1 ~ Multy_1(n — X1,7)
where r = (p2/(1 —p1),...,pr/(1 —p1)) € RFL,
Proof. Fix 1 € {0,1,...,n}. Then given any vector of nonnegative integers (z2,...,xx) with

Zf:g x; =n — x1, letting ® = (x1,x9,...,x%), by the definition of conditional probability and the
fact that X; ~ Bin(n, p1), we have

P X ==
P((XQ,...,Xk):(xg,...,$k) ’Xl:xl):P((Xl:;cf)
H’L lxllpl

e T —
Pt (1= P

)

22'1:112

which corresponds precisely to the Multy_1(n — z1,7) PMF. O

Remark. The intuition behind the preceding result is that given that x; balls landed in bin 1,
the remaining n — x; balls independently land in bin j with probability equal to the conditional

probability of landing there given they do not land in ball 1.
Finally, we compute the covariance between components of the multinomial

Proposition 20.5. If X ~ Multg(n,p), then fori,j € {1,...,k} we have

Cov(Xi, X;) = ot =) =
—np;p; iF ]
Proof. 1If i = j then Cov(X;, X;) = Cov(X;, X;) = Var(X;) = np;i(1 — p;) as X; ~ Bin(n,p;). If
i # j then we return to the story and let I, and J,,, be the the indicators that the m-th ball lands
in bin ¢ and bin j, respectively. Then X; => " | I, and X; = > " | Jp,. By bilinearity

Cov (X, X;) Z Zcov (I, Je) = Zn: Cov (I, Jin)
m=1 (=1
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since for m # ¢, I,, and J; are independent, hence uncorrelated. But
COV(Ima Jm) = E[Im']m] - E[Im]E{Jm] = —PiPj
for each m, since I,,,J,,, = 0 (it is impossible for the m-th ball to land in both bin ¢ and bin 7). O

Our final topic for today is known as convolution: a formal way of deriving the distribution of a
sum of independent random variables. We have already seen some convolutions, such as proving
that the sum of independent Poissons is still Poisson (Theorem 10.9). We now generalize that

construction, also handling the continuous case.

Theorem 20.6 (Convolution). If X and Y are independent discrete random variables with PMFs
px and py, respectively, then their sum T'= X +Y has PMF

pr(t) = E:px v)py (t —x) = E:py )px (t —y)

If X and Y are independent continuous random variables with PDFs fx and fy, respectively, then

their sum T = X +Y has PDF

- /_OO fx(x)fy(t — x)de = /_OO fy() fx(t—y)dy

Proof. For the discrete case, note that by countable additivity and independence we have
:ZP(T:tﬂX:x):ZP(X:xﬂY:tfx pr )py (t — )
x x

as in the proof of Theorem 10.9. By symmetry we can swap the roles of X and Y to show
P(I'=t) =3, px(z)py(t — ) as well. For the continuous case we start by deriving the joint CDF
by integrating the joint PDF:

o pt—m

H@ZPM+Y§02/

—00 J —00

@y yde = [~ fe@)Fy(t - a)da

Differentiating both sides with respect to ¢ (and swapping integration with differentiation) gives
= /Z fx (@) fy(t —a)da

Swapping the roles of X and Y gives fr(t) = [* fy(y)fx(t — y)dy. O

Convolution will allow us to prove the well-known result that the sum of independent Normal

random variables also has a Normal distribution.
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Theorem 20.7 (Sum of independent normals is normal). Suppose X, Y are i.i.d. N(0,1). Then
X +Y ~N(0,2).

Proof. Let T'= X +Y and apply the convolution formula:

() = /Oo ;Texp <_~’”22> . \/%exp (_(t —2:8)2) .
(2
(L)

By considering that the A(t/2,1/2) PDF integrates to 1 we know [~ exp (—<$7t/2)2> = /7 so

2(1/2)
fr is the N'(0,2) PDF, as desired. O

The previous proof can be generalized (with messier notation) to the following result:

Corollary 20.8. If X ~ N (ux,0%) andY ~ N (uy,0%) are independent, then X +Y ~ N (px +

Ky, Ug( + 032/)

The fact that the mean and variance parameters for X +Y are pux + py and agf +032/, respectively,
should be easy to remember by linearity of expectation and Theorem 13.6, part 3. The real content

of the result is that X +Y is in fact Normal.
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21. Change of variables, Gamma

distribution

We have seen several examples of dealing with transformations (functions) of random variables.
(Multivariate) LOTUS allows us to compute ezpectations of transformations of random variable(s)
in terms of the (joint) distribution of the original random variable(s). However, sometimes we want

to understand the full distribution of a transformation.

The “fail-safe” way to understand the distribution of a transformation is to work with (joint)
CDFs or PMFs. This is because both CDFs and PMFs correspond to probabilities, so we can
use the tools of probability to manipulate them (e.g. rewriting events). However, CDFs can
sometimes be challenging to work with for continuous random variables (need to integrate PDFs),
for which working with the PDF may be more natural. Thus, we begin by deriving some results for
dealing with transformations of continuous random variables directly in terms of (joint) PDFs. It
is important to remember, however, that they only apply when the transformations are invertible.
For non-invertible transformations, you will need to use another approach, such as by manipulating

the CDF directly.

Theorem 21.1 (1-D change of variables). Suppose X is a continuous random variable with PDF
fx and g is a real function that is differentiable and strictly increasing or decreasing on supp(X).
Then'Y = g(X) is continuous with PDF

-

fr(y) = fx(gl(y))’jygl(y)) = Ix(g W) (g ()

for ally € {g(x) | = € supp(X)}

Proof. That g is differentiable and strictly increasing or decreasing implies that the inverse function

g~ ! exists and is itself differentiable. In the case g is strictly decreasing, fix y € {g(z) | = € supp(z)}
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so that g~!(y) € supp(X), and note
P(Y <y)=P(g(X)<y)=P(X 2 g7 (y)) =1 - Fx(9~'(y))

Taking the derivative on both sides yields the first equation by the chain rule (note g strictly

d

I strictly decreasing, hence @gfl(y) < 0). The second equation follows by

decreasing implies g~
the formula for the derivative of an inverse function, which is derived by differentiating both sides

of the identity g(¢~!(y)) = y. The strictly increasing case is analogous. O

Example 21.2. Suppose U ~ Unif(0,1). Then for all y € (0,1), the PDF of Y = U™ satisfies

) = ful™ )| oo~ )] = 5o

where g(u) = u" = ¢ '(y) = y*/". By pattern matching PDFs (recall we can ignore normalizing

constants like 1/n), we have Y ~ Beta(1/n,1).
There is a multivariate analogue of the change of variables formula, which we state without proof.

Theorem 21.3. Suppose X = (X1, ...,X,) is a continuous random vector with joint PDF fx, and
suppose g is an invertible function from supp(X) into R™. For each x € supp(X), let y = g(x) (so

that = g~ (y) = (97" (y),---, 9, (v))). Suppose all partial derivatives gZ; exist fori=1,...,n,
j=1,...,n, so that we can define the Jacobian matriz
Oz Oxy Oz
dy1  Oy2 """ Oyn
oxr . .
oy
Oz Ozn Oy
dy1  Oy2 """ Oyn

Then for any x € supp(X), the joint PDF of Y = g(X) is given by
ox Oy |1
() = Ix(@)| 50| = fx(@)] 57
where |A| denotes the absolute value of the determinant of a square matriz A.

Remark. A useful mnemonic for the change of variables formula is “fy (y)0y = fx(x)0x”

To simplify the application of the multivariate change of variables formula for specific choices of

fx and g, it is helpful to break up the process into three steps:

1. Compute * = g~ !(y) by writing down the system y = g(x) and solving for . Note g is

invertible if and only if you obtain a unique solution for x € supp(X).
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2. Compute |gg |1

in terms of x, or |g—§\ directly in terms of y.

3. Using the results of the previous steps and deriving fx, compute either

- fr(y) = fx () oy

fy(y) = fx(w)}gy‘ila Ox

depending on which quantity you computed in step 2. Plug in the expression for « in terms

of y from the first step on the right-hand side to get fy (y) fully in terms of y.

Exercise 21.4 (Box-Muller). Suppose U ~ Unif(—n,7) is independent of T' ~ Expo(1). Define
X =+V2T cos(U) and Y = v2T sin(U). What is the joint distribution of (X,Y)?

Solution. We evaluate the joint PDF of (X,Y) at some (z,y) € R? with z,y # 0 by applying the

change of variables formula.

1. We write (z,y) = (v/2tcos(u),v2tsin(u)). Solving for (u,t) we get the following unique
solution in supp(U,T) = (—m,m) x (0, 00):

tan—!(y/x) x>0

5 v U= tan"l(y/z)+7 <0,y >0
tan"l(y/z) -7 2 <0,y<0

(this is essentially just the transformation to polar coordinates).

2. We compute

Owy) _ |5 G| _ [~V2tsin(u) (2t)7'/*cos(u)
(u,t) g% % V2tcos(u)  (2t)1/2sin(u)
-1
so that [5EB| = | = sin(u) ~ cos(u)] ! = 1

3. We obtain

112 2 .’L’2 2
Fevtes) = oln® = 5 i (S50 ) = 5o (<551 ) = plalet)

where ¢ is the Standard Normal PDF. Thus X, Y are i.i.d. standard Normal!

O]

Another important example of the change of variables formula links the Beta distribution to a

widely used generalization of the Exponential distribution called the Gamma distribution.
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Definition 21.5. A random variable Y has the Gamma distribution with parameters a > 0

and A > 0, abbreviated Y ~ Gamma(a, \), if its PDF fy is given by

1
~ yl(a)

where I'(-) is the Gamma function from Definition 18.4.

fy(y) (A\y)*exp(=Ay), y>0

The following result shows why the Gamma distribution is a generalization of the Exponential.
Theorem 21.6. Suppose X1, ..., X, are i.i.d. Expo(\) r.v.’s. ThenT =3 | X; ~ Gamma(n, ).

Proof. We prove the n = 2 case using convolution; the result follows for larger n by induction. Let

f be the Expo(A) PDF. For any ¢ > 0, the PDF of T satisfies

Fr(t) = /0 T @) f(t— ) d = / A2 exp(—Az) exp(=A(t — 2))dz = 1A% exp(—\d)

0

which matches the Gamma(2, A) PDF. O

Theorem 21.7 (Bank/post-office story). Suppose X ~ Gammal(a, \) independently of Y ~ Gammal(b, \).

Then T = X +Y ~ Gamma(a + b, \) and W = XLH, ~ Beta(a, b). Furthermore T'11 W.

Remark. One could think of X and Y as modeling waiting times for the bank and the post office,
respectively. Then the result states that the total time waited, T, is independent of the proportion

of the total time spent waiting for the bank, W.

Remark. That 7'~ Gamma(a + b, A) marginally follows immediately from the representation as

a sum of i.i.d. Expo()) r.v.’s, when a and b are integers.
Proof. We derive the joint PDF fry of (T, W) at some (t,w) € (0,00) x (0,1)

1. We write (t,w) = (x + y,z/(z + y)) which has unique solution (z,y) = (tw,t(1 —w)) in
(0, 00)2.

2. We compute

0. [0}
oz,y) |9 ow|_ | @ 1
a(t,w dy B
(t,w) |y 2y 1—w —t
which has absolute determinant | —wt —t(1 —w)| = | —t| =t
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3. Conclude that

frw (t,w) = fXY(ﬂJ,y)‘gEf’i; )

() exp(—Aa) yrl(b)umbexp(—w) y
1

) T

['(a+0b) w11 — w)—
rarp .

xI'(a) '

1 a
= )T (a) (AMw)® exp(—A
= tF(al—i—b) exp(—At)(At)a TP

(M(1 —w))P exp(=Mt(1 —w)) - t

This is the product of the Gamma(a + b, A\) PDF evaluated at ¢ with the Beta(a,b) PDF

evaluated at w.
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22. Conditional expectation: Events

Today, we begin our study of conditional expectation. We’ve seen that (unconditional) expectation
is a useful and interpretable quantity that can be computed and studied without knowledge of the
entire distribution of a random variable (e.g. using linearity and other tricks). Conditional expecta-
tion is an important extension that allows us to account for known information, just like conditional

probability allows us to measure probabilities in a way that accounts for such information.

Definition 22.1 (Conditional expectation given an event). Suppose A is an event with P(A) > 0
and X is a random variable. Then the conditional distribution of X given A is given by
Lxja(B) = P(X € B| A), and the conditional expectation of X given A is the expectation of
a random variable with the distribution L£x|4. In other words, for X discrete we have
EX|Al= Y aP(X=z|A
zesupp(X)

while for X continuous, we define its conditional PDF fx(z | A) = L P(X <z | A) and

XL

E[X | A] = /OO xfx(z | A)dx

—0o0

The following is an alternative, equivalent definition of E[X | A].

Proposition 22.2. For any event A with P(A) > 0, we have E[X | A] = EI[J)((/I;S‘]-

Proof. We assume X is discrete for technical simplicity. Then

1
E[XIh]= Y Y xzaP(X =z, = a) multivariate LOTUS
z€supp(X) a=0

=> 2P(X =x,1x=1)
= Z xP(X = x| A)P(A) by definition of conditional probability
T

= P(A)E[X | A]
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O]

One type of event that can be conditioned on is that the random variable lies within some subset

of values within its support.

Example 22.3. Suppose T' ~ Expo()). For any ¢ > 0, the conditional distribution of T'— ¢ given

T >t is Expo(\). To see this, note that for all s > 0 we have
PT—-t<s|T>t)=1-PT —-t>s|T>t)=1—-P(T >s)=P(T <5s)

where the second equality follows by memorylessness; then use the fact that the CDF determines

the distribution. We conclude E[T | T > t] =t + E[T] =t + AL

For computing the probability of an event, the law of total probability is a very useful tool as it
allows us to split the event based on a partition of the sample space. There is an extension known

as the law of total expectation (LOTE).

Theorem 22.4 (Law of total expectation (LOTE)). Suppose X is a random variable and By, . .., B,
partition the sample space (as defined in Theorem 4.2), with P(B; > 0) for all i. Then

E[X] = ZE[X | B;|P(B;)

Proof. Since By, ..., B, are a partition, we have X = )" | XIp,. Then by linearity and Proposi-
tion 22.2

E[X] = iE[XIBi] = iE[X | B;i]P(B;)

O]

Exercise 22.5. Suppose you are bidding on a prize with unknown value V'~ Unif(0, 1). The rules
are as follows: If you bid less than 2V//3, nothing happens. Otherwise, you win the prize but pay

your bid. What bid maximizes your expected winnings?

Solution. Suppose the bid is b. Note it never makes sense to bid more than 2/3, since you will
always get the prize with b > 2/3 and simply pay extra by bidding higher than 2/3. By bidding 0
or less, clearly we never win the prize and so our winnings are always 0. Thus we analyze the case

0 <b<2/3. Let W be the winnings. Then by LOTE

E[W] = E[W | b < 2V/3]P(b < 2V/3) + E[W | b > 2V/3]P(b > 2V/3)

=E[V —b|b>2V/3]P(b > 2V/3)
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Note b is a constant and the event b > 2V//3 can be rewritten as V' < (3/2)b, so for any v € (0,1)

P(V < min(v, (3/2)b)) _ min(v, (3/2)b)
PV < (3/2)b) (3/2)b

showing that V' | b > 2V/3 ~ Unif(0, (3/2)b). Thus

PV <v|V < (3/2)h) =

3 3
E[W] = <4b - b> - (3/2)b = —gb2 <0, 0<b<2/3
So in fact it’s best to bid 0 (or a negative value), so that you never win the prize. O

Recall that first-step analysis was an important strategy for computing probabilities in settings
with a self-similar or recursive structure. The idea was to consider conditional probabilities given
all possible initial outcomes, which partitions the sample space. An analogous concept can be useful

for computing expectations.

Example 22.6. Suppose I keep flipping a fair coin until I obtain two heads in a row. On average,
how many total flips will I need to perform? What if I instead kept flipping until I obtained heads

followed immediately by tails?

Solution. Let H; be the event that the i-th flip lands heads and X be the number of flips I perform
before getting two heads in a row. Given HY (the first flip lands tails), the conditional distribution
of X is the same as the marginal distribution of 1+ X, since we made no progress in the first flip
and the flips are independent, so the number of additional flips (after the first) to get two heads in
a row has the same distribution as the marginal distribution of X. Hence E[X | Hf] = 1 + E[X].
Similarly, given H; and HS§, the progress “resets” after 2 flips and E[X | Hy, HS] = 2+ E[X]. Of
course, X = 2 with probability 1 given Hy, Hy. Thus by LOTE

E[X] = E[X | Hy, Ho]P(Hy, Ha) + E[X | Hy, H3|P(Hy, Hy) + E[X | H{|P(HY)

=2 7+ Q+EX) - +(LEX) -

Solving gives E[X] =[6]

Now let Y be the number of flips to perform before getting heads followed by a tails. Given Hf the
progress resets as before. But Y | H; ~ 1+ FS(1/2), since when the first flip is Heads we will be
done the next time a tails comes up. Thus E[Y | H;] = 3 (recalling the First Success expectation)

and

E[Y] = E[Y | Fy]P(Fy) + E[Y | HfJP(HS) =3 5 + (1 +E[Y])

N | =

Solving gives E[Y] = . O
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Remark. The previous result may seem very counterintuitive, since the sequences HH and HT are
equally likely for any two coin flips. Indeed, by linearity we can show that for any fixed sequence of
n coin flips, the expected number of occurrences of HH and HT are the same (create an indicator
for each of the n — 1 consecutive pairs of coin flips). However, the HH sequences tend to be more
clumped together (we can get two HH sequences in three flips by HHH, but this is not possible for
HT). Thus, on average, the number of flips until the first occurrence of HH needs to be greater to

compensate.
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23. Conditional expectation: Random

variables, iterated expectation

Last lecture, we introduced the concept of conditional expectation given an event. Today we
generalize this definition to define the conditional expectation of a random variable given another
random variable. This will have some useful properties that will simplify problems. It is critical to
keep in mind that whereas E[X | A] is a number for any event A, for any r.v. Y, E[X | Y] itself a

random variable, in particular a transformation of Y.

Definition 23.1 (Conditional expectation given a random variable). Suppose X and Y are random
variables. Let g(y) = E[X | Y = y] for all y € supp(Y’), which refers to the expectation of a random
variable with the distribution induced by the conditional PMF or PDF of X given Y = y, as in

Definitions 18.1 and 18.2. Then the conditional expectation of X given Y is the random variable
9(Y).

Example 23.2. Let I; be the indicator that the i-th flip of a fair coin lands heads. Then with
Z =L+, wehave E[Z | [; = 1] =3/2and E[Z | [; = 0] =1/2,sowe can write E[Z | ;] = 1/2+1;
since I; € {0, 1}.

Example 23.3. Suppose we have a stick of length 1 and break the stick at a point X chosen
uniformly at random on [0, 1]. Given that X = x, we then choose another breakpoint Y uniformly

on the interval [0, z]. Then Y | X =z ~ Unif(0,z), so E[Y | X = z] = z/2 and E[Y | X] = X/2.
Here are some properties of conditional expectation.
Proposition 23.4. Suppose X, Y, and Z are random variables. Then

1. (Takeout) E[h(X)Y | X] = h(X)E[Y | X] for any function h with E[|h(X)|] < oo

2. (Dropping what’s independent) If X and Y are independent, E[Y | X| = E[Y]
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3. (Linearity) ElaX +bY | Z] = aE[X | Z] + bE[Y | Z]

Proof. The results follow quite simply by noting conditional distributions are distributions. For

instance, fixing x € supp(X) we have
ERr(X)Y | X =2z] =E[h(2)Y | X =z] = h(2)E[Y | X = z]
where the second equality is by linearity of expectation. Replacing x with X proves Takeout. [

We now turn to an important generalization of LOTE, this time stated succinctly in terms of

conditioning on a random variable.

Theorem 23.5 (Law of iterated expectations). For any random variables X and Y, we have

E[E[Y | X]] = E[Y]

Remark. To parse the law of iterated expectations, recall E[Y | X] is a r.v. (indeed, a transfor-

mation of X'). Then the outer expectation is a constant, which the law claims is equal to E[Y].

Proof. In the case that X is discrete, we have
EEY | X]] =Y E[Y | X =z]P(X =) =E[Y]

where the first equality is by LOTUS and the second equality is by LOTE. If both X and Y are

continuous,
oo
BELY | X)) = [ BIY | X = alfx(z)ds
= / (/ yfyix(y | ff)dy> Ix(z)dx
= / / yfxy(z,y)dyde = E[Y]
The case of X continuous, Y discrete follows analogously. =

Example 23.6. Continuing Example 23.2, we verify E[E[Z | []] = E[1/2+ ] = 1 =E[Z].

Example 23.7. Continuing Example 23.3, we verify E[E[Y | X]] = E[X/2] = 1/4. We could
alternatively check this by deriving the joint PDF of (X,Y) and then marginalizing out X to
get the marginal PDF of Y, before computing the expectation of Y directly. However, iterated

expectations gives a much quicker solution when we don’t need the full distributional information.
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Example 23.8 (Random sum). Consider a game where a fair coin is flipped repeatedly. Each
time the the coin lands heads, the player is given a reward R;. Suppose Ri, Ro,... are i.i.d. with
mean $1. Once the coin lands tails, the game is over. Then the total reward is R = Zf\i 1 Ri where

N ~ Geom(1/2). With N independent of the rewards, we have

N
ZRi]N:n] =K
=1

and so E[R | N] = N and by iterated expectations we have

E[R|N =n]=E

ZR”N:n] = E[R; | N =n] =nE[R)] =n
=1 =1

E[R] = E[E[R | N]] = E[N] = 1

We now show that just like there are versions of Bayes’ rule and LOTP when conditioning on
multiple events — because conditional probabilities are probabilities — there is also a version
of iterated expectations based on conditioning on multiple random variables, because conditional

expectations are expectations.

Theorem 23.9 (Iterated expectations with extra conditioning). For any random variables X, Y
and Z, we have

EE[X |Y, 2] | Z] = E[X | Z]
Note a conditional expectation given Y and Z jointly is to be interpreted as the conditional expec-

tation given the random vector (Y, Z).
The proof of the above is immediate from applying iterated expectations to E[- | Z].
Example 23.10. For any random variables X and Y, we have the identity

E[X [E[X | Y]] =E[X |Y]

To see this, let Z = E[X | Y]. Recall Z is a random variable, indeed a deterministic transformation
of Y, ie. Z = h(Y). Thus, if we already know Y, conditioning on Z doesn’t give any extra

information. Formally, each point in supp(Y, Z) takes the form (y, h(y)) for some y € supp(Y), yet
EX Y =y, Z =h(y)] = E[X | Y = y],Vy € supp(Y)
Thus E[X | Y, Z] = E[X | Y], and by iterated expectations with extra conditioning, we have
E[X | 7] = E[E[X |Y,Z] | Z] = BE[X | Y] | Z] = B[X | Y]

using takeout for the last equality. Intuitively, this result states that knowing E[X | Y] gives all
the possible information about the mean of X that you could get from knowing Y. Any additional

information about Y won’t update your probability beliefs in a way that affects the mean of X.
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24. Conditional variance, tail bounds

To understand the variability of a conditional distribution, we introduce the concept of conditional

variance.

Definition 24.1. The conditional variance of a random variable X given another random vari-

able Y is defined as
Var(X | Y) = E[(X — E[X | Y])* | Y] = E[X2 | Y] - (E[X | Y])?
where the second equality follows by Proposition 23.4.
Theorem 24.2 (Law of total variance). For any random variables X and Y, we have
Var(X) = E[Var(X | Y)] + Var(E[X | Y])
Proof. We have by linearity and iterated expectations that
E[Var(X | Y)] = E[E[X? | Y] - (E[X | Y])?) = E[X?] — E[(E[X | Y])?)

By the definition of variance and iterated expectations, we have

Var(ELX | Y]) = EI(E[X | Y))2] - (E[E[X | Y]))? = E[(ELX | Y])?] — (E[X])*
Adding together gives

E[Var(X | Y)] 4 Var(E[X | Y]) = E[X?] — (E[X])? = Var(X)

as desired. O

Example 24.3 (Random sum, continued). We recall the setting of Example 23.8 to compute
Var(R) using the law of total variance. Assume additionally that Var(R;) = 1. Then

=1

N n
Var(R | N =n) = Var (ZRi |N = n> = Var(R) =n
=1
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where the second equality uses the fact that (Ry,..., R,) are independent of the event N = n, and
furthermore the R; are independent so their variances add (Theorem 13.6). Recalling E[R | N] = N

from Example 23.8, we conclude by Example 13.9 that

Var(R) = E[Var(R | N)] + Var(E[R | N])

= E[N] + Var(N) =1+ 2 =[3]

Example 24.4 (Cluster sampling). A plague is affecting a large number of cities. Suppose a city
is chosen at random and then the disease statuses of n individuals from that city (chosen with
replacement) are noted. Let S be the number of sick individuals in that sample. Assume we do not
have any additional information about each city so we model the illness propensity in each city as
U ~ Unif(0,1) (the randomness comes from some unknown variation in illness propensities across
cities). Given U, suppose each city resident independently has probability U of being sick. Then
by iterated expectations

E[S] = E[E[S | U]] = E[nU] = n/2

since S | U ~ Bin(n,U). By the law of total variance, we have

Var(S) = E[Var(S | U)] + Var(E[S | U]) = E[nU(1 — U)] + Var(nU)
= n(E[U] — E[U?]) + n®Var(U) = n(1/2 — 1/3) + n*(1/12)

n TL2

6 12

For the remainder of the lecture, we will discuss some inequalities involving random variables.
Today we focus on tail bounds, which give upper bounds on the probability that a random variable
takes on extreme values in terms of expectations. The most basic is an important result called
Markov’s inequality, which bounds the probability that a nonnegative random variable is large in

terms of its expectation.

Theorem 24.5 (Markov’s inequality). Suppose X is a random variable with E[|X|] < co. Then
for any a > 0 we have
E[lX]]

P(IX] > a) <
a

Proof. First we show the inequality al|x|>, < [X|. On the event |X| < a, the LHS is 0 and the
RHS is nonnegative (absolute values are nonnegative). On the event X > a, the LHS in a and
the RHS is greater than or equal to a. Then by monotonicity of expectation, linearity, and the

fundamental bridge, we conclude aP(|X| > a) < E[|X]|]; then divide by a on both sides. O

87



Example 24.6. Markov’s inequality shows that the probability any nonnegative random variable

is more than n times its mean (when finite) is at most 1/n.

Markov’s inequality does not assume anything about the distribution of X except a finite first
moment, so the bound is often quite crude. However, Markov’s inequality is an important building
block towards other inequalities that can be more useful (i.e. tighter). A first generalization is

Chebyshev’s inequality, which accounts for the second moment (i.e. variance).

Theorem 24.7 (Chebyshev’s inequality). For any random wvariable X with E[|X]|] < oo and
Var(X) > 0, for all a > 0 we have

P(X ~E[X]| > aSD(X)) <

Proof. We write

P(IX — E[X]| > aSD(X)) = P((X —E[X])? > a?Var(X)) < VV(@) -

where the inequality is by Markov’s inequality applied to the random variable Y = (X —E[X])2. O

Example 24.8. Chebyshev’s inequality states that the probability any random variable is more
than 3 standard deviations from its mean is at most 1/9 ~ 0.11. Again, this is often crude for

specific distributions; if X is Normal then (X — E[X])/SD(X) ~ N(0,1), so for Z ~ N(0,1)
P(|X —E[X]| > 3SD(X)) = P(|Z] > 3) = ®(—3) + (1 — ®(3)) = 2®(—3) ~ 0.003

Chebyshev’s inequality is derived from Markov’s inequality using a particular transformation, stan-

dardization. Using exponential transformations instead sometimes yields tighter bounds.

Theorem 24.9 (Chernoft’s bound). For any random variable X and constants t > 0 and a > 0,

we have
Elexp(tX)]

PX za) s exp(ta)

Proof. Note x +— exp(tz) is an increasing function, so the event X > a is equivalent to the event

exp(tX) > exp(ta). Then

Elexp(tX)]

P(X 2 a) = P(exp(tX) > exp(ta) < = 7

by Markov’s inequality (note exp(tX) > 0). O
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25. Inequalities: Cauchy-Schwarz and

Jensen

Today we discuss some additional inequalities that appear frequently in probability and statistics.

Theorem 25.1 (Cauchy-Schwarz). Suppose X and Y are random wvariables with finite second

moments (the k-th moment of a random variable refers to E[X*]). Then

E[XY]| < VE[X?E[Y?]

Proof. For any real number ¢ we have
0 <E[(Y —tX)Y] = E[Y?] — 2%E[XY] + t*E[X?]

Since this holds for any t, it must hold for the particular choice ¢t = E[XY]/E[X?] (which minimizes

the right-hand side). Plugging in gives
E[XY])?
0 <E[Y?] - (EXY))? — [E[XY]| < VE[X2|E[Y?]
O

Cauchy-Schwarz is quite useful because it gives an upper bound on the expectation of the product of
any two random variables (which may have an arbitrarily complex dependence structure) in terms
of a product of second moments of the individual random variables. An important application of
Cauchy-Schwarz is the correlation inequality, which states that the correlation of any two random

variables lies between 0 and 1:
Corollary 25.2. For any r.v.’s X and Y with finite second moments, —1 < Cor(X,Y) < 1.

Proof. We have
_ Cov(X, V)| |E[(X —E[X])(Y - E[Y])]|
(Cor = 5p(x)sDY) ~ VB -~ BBy - BV
which we upper bound by 1 by applying Cauchy-Schwarz to the r.v.’s X —E[X] and Y —E[Y]. O
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A creative application of Cauchy-Schwarz also enables a certain lower bound on the probability
that a random variable is large. By contrast, tail bounds from last lecture upper bound such a

probability.

Theorem 25.3 (Paley-Zygmund). Suppose X is a random variable with E[X] > 0 and finite second

moment. Then for any 0 <t <1, we have
P(X > tE[X]) > (1 — t)? o

Proof. By linearity we can write X = XIx<mx] + XIxsmx). Note that XIx<gx) < tE[X]
always, so by monotonicity of expectation we have E[X Iy <(x]] < tE[X]. By Cauchy-Schwarz we

have

E[X Ix>umx)) < [EIX x| < \/EX?IE[2

X = VE[X2]P(X > tE[X])

By linearity we conclude

E[X] < tE[X] + E[X2]P(X > tE[X])
Rearranging and squaring both sides gives the desired result. O

Another fundamental inequality is known as Jensen’s inequality. It deals with swapping transfor-

mations and expectations when the transformation is conver or “concave up.”

Definition 25.4. A function ¢ is convex on some interval [ if

9z + (1= N)y) < Ag(@) + (1= Ng(y)
for all z, y € I and X € [0,1]. A function & is concave on I if —h is convex on I.

Remark. If g is twice differentiable, it can be shown that g is convex on [ if and only if ¢”(x) > 0

for all z € I. However, non-differentiable functions can also be convex, such as g(z) = |z|.

Theorem 25.5 (Jensen’s inequality). Suppose X is a random wvariable and g : supp(X) — R is
convex. Then E[g(X)] > g(E[X]). If h : supp(X) — R is concave, then E[h(X)] < h(E[X]).

Proof. Suppose g is convex. Then by the supporting hyperplane theorem, for any point (xg, g(xo))
on the graph of g there exists a line passing through that lying below the entire graph of g'. Let
the equation of this line, at the point (E[X], g(E[X])), be t(x) = a+ bx for some constants a and b,

If g is twice differentiable, this line is the tangent line ¢t(x) to the graph of g at (xo, g(x0)), and the result follows

immediately by showing h(z) = g(z) — t(z) is minimized at = x¢ via calculus and the fact that g”(x) > 0.
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so that t(E[X]) = a + bE[X]| = g(E[X]). Then g(X) > a+ bX, and by monotonicity of expectation
we conclude

Elg(X)] = E[a + bX] = a + bE[X] = g(E[X])

The result for h concave follows immediately by applying the result in the preceding display to the

convex function —h. O

By applying Jensen with the convex function g(x) = x2, we obtain the inequality E[X?] > (E[X])?
which is equivalent to the statement Var(X) > 0. We already knew that, but Jensen allows us to

generalize further.

Example 25.6 (Sample standard deviation). Suppose Xi,..., X, are i.i.d. with finite variance

o2. Then
1

n—1

52 = > (X - Xn)?

i=1
satisfies E[S?] = 02. The quantity S? is known as the sample variance, as it is a function of
some observations X1, ..., X, equal to the (typically unknown) true variance on average. The
sample standard deviation is given by S = v/$2. With g(x) = \/x concave, we conclude that
E[S] < \/Im = ¢ which suggests the sample standard deviation is negatively biased for the true

standard deviation o.

Example 25.7 (KL divergence). The Kullback-Leibler divergence between two distributions
is a measure of how “different” two distributions are. Suppose for simplicity that we have two
discrete distributions supported on a common set of n points, with PMFs specified by vectors

p=(p1,---,pn) and ¢ = (q1,---,qn). Then the KL divergence between p and ¢ is defined as

dir(p,q ij logs ( 1/‘]3 Zp] logs ( ]'/p] Zp] log, %/p])
Jj=1 Jj=1 j=1

Since g(x) = —logy(x) is convex, we have

dir(p,q) Zp]g 4/pj) > g Zpg 4/pi | =9 Zq] =g(1)=0

showing that the KL divergence is nonnegative, with equality when p = ¢q. Note the inequality
holds by Jensen since we can view dgr.(p, q) as the expectation of a random variable taking on the

value g(q;/p;) with probability p; for j =1,...,n
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26. Laws of large numbers, central

limit theorem

Laws of large numbers provide conditions under which the sample mean X,, of random variables
X1,..., X, converges to the nonrandom quantity E[X;] = p. The random variable X,, is defined
as
_ 1 <&
Xn = Y X
i=1
Convergence of random variables is not something we have formally defined; we will make this

notion precise shortly. First however, we note some important properties of sample averages when

the random variables X1,...,X,, are i.i.d.

Proposition 26.1. Suppose X1,..., X, are i.i.d. from some distribution with mean p and variance

o2, Then E[X,] = p and Var(X,,) = o2 /n.

Proof. By linearity, we have

n

BIX,] = - SR = Y =
=1 =1

With X3,..., X, independent, by Theorem 13.6 we have
1 o 1 o o?
_ N 2
Var(X,,) = 3 ;1 Var(X;) = 2 ;1 ot = —

O]

The previous proposition indicates that while the sample average of i.i.d. random variables with
common mean g has expectation p for all n, as n gets large, the variance of the sample mean tends
to 0. This provides the intuition for one version of the Law of Large Numbers, which we formalize

using Chebyshev’s inequality.
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Theorem 26.2 (Weak law of large numbers). Suppose X1, Xo, ... are i.i.d. random variables with

common mean p and variance o2 < oo. For any € > 0, we have

lim P(|X,, —p| >¢)=0

n—oo
Proof. By Chebyshev’s inequality and Proposition 26.1, we have

- Var(X 2
P(|Xn—ulze)<M:U—2—>0asn—>oo
€ ne

O

Theorem 26.2 is known as the weak law of large numbers because there is a stronger law of large
numbers that enables the proof of a stronger result under weaker assumptions. In particular, the
strong law does not require a finite variance (note a finite variance implies a finite mean by Jensen’s
inequality), and shows a stronger form of convergence than in the weak law. However, it is much
harder to prove, so we omit that proof here, and do not dwell on the technical distinctions between

the weak and strong laws.

Theorem 26.3 (Strong law of large numbers). Suppose X1, ..., X, are i.i.d. with finite mean pu.
Then X,, converges to p pointwise with probability 1. That is, the event X,, — p as n — oo has

probability 1.

Example 26.4. Given i.i.d. random variables Xi,...,X,,, for each real number ¢ define
1 n
Fa(t) = - > Ixi<e
i=1

By applying the (weak) law of large numbers to the i.i.d. random variables Y; = Ix,<; (which satisfy
E[Y;] = P(X; <t) = F(t), where F is the CDF of the X;), we conclude P(|E,(t) — F(t)] > €) = 0
as n — oo for all € > 0. The function F, is often known as the empirical CDF, and is viewed as a

natural estimate of the true CDF F' that generated the observations.

Example 26.5 (Monte Carlo integration). Suppose f is a continuous, nonnegative function on
[a,b]. Note this implies that for some finite constant ¢, we have f(x) < ¢ for all € [a,b]. Now
suppose (X1,Y1),...,(X,,Y,) are the coordinates of n points chosen independently and uniformly

at random in the square [a, b] x [0, ¢]. Define
1 n
o=~ Ivi<sex)
i=1
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to be the proportion of these points lying beneath the graph of f. Note

b rf(x) b
B = PO < f50) = [ [T vt = s [ @

so by applying the (weak) LLN to the random variables Z; = ¢(b — a)ly,<(x;), we have P(|c(b —

a)pp, —I| > €) — 0 as n — oo for all € > 0, where

b
I= / f(x)dx
a
This shows that for large n, p, can be used to approximate the integral I.

The law of large numbers is a useful result, but it does not tell us the rate at which the sample
mean converges to the underlying “true mean.” A much stronger result known as the central limit
theorem (CLT) does this for us. In fact, the CLT tells us not only the rate of convergence (roughly
1/4/n), but also that the distribution of the sample mean for large n is approximately Normal. The
CLT is truly remarkable in that it holds for any i.i.d. random variables with finite variance. Even
if the distribution of the individual random variables X; is discrete, highly skewed or otherwise
very different from a Normal distribution, the sample mean X,, will have an approximately normal

distribution in large samples.

Theorem 26.6 (Central limit theorem). Suppose X1, Xo,..., are i.i.d. random variables with
mean p and finite variance o2. Define the standardized sample mean
X, - X, —u
S = p—y
o/\/n ﬁ( o
Then Fg, the CDF of S, converges pointwise to ®, the Standard Normal CDF. That is, for each

real t we have Fg(t) — ®(t) as n — oo.

Remark. The CLT implies the weak law of large numbers. To see this, note that for each ¢ > 0

we have
P(|Xy — | > €) = P(|S| > V/ne/o) < P(S > V/ne/o) + P(S < —/ne/a)

For any M < oo, we have eo/y/n > M for all sufficiently large n and hence for all such n
P(| X — | >€) < P(S>M)+P(S<—-M)
The RHS converges to 1 — ®(M) + &(—M) = 2&(—M) by the CLT. This shows that
lim P(IXy = pf > €) < 20(-M)

for any M < co. Letting M 1 oo, we conclude that in fact P(|X,, — u| > €) — 0.
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27. Normal and Poisson

approximation

Last lecture, we introduced the central limit theorem, which states that the sample average of n
ii.d. random variables (with finite variance) is approximately Normal as n gets large, no matter the
distribution of the individual r.v.’s. This is not actually the first limit theorem we’ve seen in this
course; recall that the Poisson distribution arose as a limit of the number of occurrences of a large
number of rare events. Today, we will present various examples that apply these limit theorems to
show how we can approximate complex probabilities. We begin with the well-known example of

approximating Binomial probabilities with the Normal distribution.

Example 27.1. Suppose n = 2,000 fair coins are flipped. Let’s give an approximation to the
probability that more than 51% of them land heads in terms of ®, the CDF of the Standard
Normal distribution. Define W to be the number of heads we obtain; we know W ~ Bin(n,0.5).

Then the exact probability we’re looking for can be written as

2000 2000
P(W/2000 > 0.51) = P(W > 1020) = 0.5}~ ( ! >
k=1021

using the Binomial PMF. However, this is quite an unwieldy sum that cannot even be calculated
on most computers due to overflow, without some special tricks. An alternative is to write W =
Iy + - - - + Isgpo where I; is the indicator r.v. for the event A; that the i-th coin lands heads. Then
the I; ~ Bern(0.5) are i.i.d. Recall E[I;] = 0.5 and Var(l;) = 0.5(1 — 0.5) = 0.25. As W/2000 is
nothing more than the sample mean of the I;, by the CLT we know Z = /2000 (W) has

/0.25
approximately a Standard Normal distribution. Thus

P(W/2000 > 0.51) = P(Z > 0.01v/8000) ~|1 — ®(2/v/5) | = 0.186

An equivalent, alternative way of doing the approximation is to recall Exercise 15.5, which shows

that the unscaled W is itself approximately Normal. The mean and variance of this Normal
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approximation should match those of W. Generalizing slightly, we conclude that if X ~ Bin(n,p)
then for n sufficiently large, we have X ~ N'(np,np(1 —p)), where the symbol ~ should be read “is
approximately distributed as.” We emphasize that the validity of the approximation stems from X
being a rescaled /recentered sample average of i.i.d. random variables. Returning to our example,

we have n = 2000 and p = 0.5, hence for Y ~ N (1000, 500) we have
P(W > 1020) = P(Y > 1020) = 1 — ®(2//5)
where the equality above can be derived by standardizing Y.

Remark (Continuity correction). Since the Binomial distribution is discrete while the Normal
distribution is continuous, it is customary to apply the following “continuity correction” to ap-
proximate a Binomial probability. For each integer k in the support of a r.v. X ~ Bin(n,p), we

approximate

P(X=k)~Pk-1/2<Y <k+1/2)

:P(k—l/Q—np< Y—np k—|—1/2—np>

Vip(L=p) ~ \/ap(1—=p) = /np(1 - p)
~ kE+1/2—np & k—1/2—np
np(1 —p) np(1 —p)
for Y ~ N (np,np(1 — p)). Applying this to the previous example, we’d get the approximation

2000
2000.5 — 1000 1020.5 — 1000
P(W/2000 > 051) = >  P(W=Fk)~o —®
oo /2000 - 0.5 - (1 — 0.5) /2000 - 0.5 - (1 — 0.5)

which comes out to 0.17963, an accurate approximation to 5 decimal places!
Here are some other examples of Normal approximations:

Example 27.2. If X ~ Pois(n), then for large n, X ~ AN (n,n), since X has the same distribution

as the sum of n i.i.d. Pois(1) r.v.’s.

Example 27.3. If X ~ Gamma(n, \), then for large n, X - A (n/\, n/A?) since X has the same

distribution as the sum of n i.i.d. Expo(A) r.v.’s.

Now we consider Poisson approximations. Recall that in the regime where n — oo and p — 0 with
np — A, if X ~ Bin(n,p) then X ~ Pois(np). By contrast, the Normal approximation for the

Binomial is most effective if p is fixed (or at least bounded away from 0) as n — oo. We note that if

96



we tried to use the Poisson approximation for np large then by Example (27.2) we shouldn’t do too
poorly (though the Normal will generally still be better). By contrast, the Normal approximation
can fail spectacularly if np (or n(1 — p)) are small. Classical textbooks typically advise having

min(np, n(1 —p)) > 10 to use a Normal approximation.

Example 27.4. Suppose X ~ Bin(2000,0.001). By Poisson approximation, for Y ~ Pois(2) we
have

P(X =0)~= P(Y =0) = exp(—2) ~ 0.1353
The true answer is (1 —0.001)2%° = 0.1352 (we can see mathematically that this should be close to
exp(—2) by recalling that e* = lim,,_,oo(1+ 2/n)™). On the other hand, the normal approximation

with continuity correction gives

o 0.5 —2 o —0.5—2 01058
+/2000 - 0.001 - (1 — 0.001) +/2000 - 0.001 - (1 — 0.001)

We conclude with some additional examples of Poisson approximation.

Example 27.5. Suppose m people are in a room. To estimate the approximate probability that
exactly 2 people have the same birthday, we create indicators Iy,...,I (7) for whether each of the
(7;) pairs of people have the same birthday. Note E(I;) = 1/365 (conditional on the birthday of
the first person in any pair, the second person has probability 1/365 of matching that birthday).
Letting X =1 +--- + I(r;), we note that for m moderately large, we have X ~ Pois ((7;) . %5)
Note the indicators are not independent since e.g. if I; corresponds to persons A and B while ;

corresponds to persons A and C, then I; = I; = 1 implies I = 1 where I}, is the indicator for

persons B and C. But we can ignore this dependence and still get a reasonably good approximation

P(X = 1) ~ exp <_<7;) 3:;5) , (T;) %

Example 27.6. A random survey of 1000 people is taken from a city of 10° people with replacement,

using the Poisson PMF:

and we want to approximate the probability that at least one person is surveyed two or more times.

We can create (10200) indicators I,...,1 (1000) for whether each pair of selected people contains two
2
of the same person. Each of these indicators has expectation 1/105. Then for X = I +---+1 (1000)
2

we desire

(1000)
PX>1)=1-P(X =0)~1—exp (- 1(2)6 > ~1—exp(—1/2)

which is correct up to 3 decimal places. Note you could also consider 10° indicators, one for each

person in the city on whether they’re selected twice, but this leads to a slightly messier calculation.
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28. Moment generating functions

Moment generating functions are a powerful mathematical tool in probability, often simplifying the

proofs of many results.

Definition 28.1. Suppose X is a random variable. Then its moment generating function
(MGF) is Mx(t) = E[exp(tX)]. The MGF is said to exist if for some a > 0, E[exp(tX)] < oo for

all t € (—a,a).
Example 28.2. If X ~ Bern(p), then for all ¢ € R we have
M (t) = exp(t) - p+ exp(0) - (1 —p) =1 — p(1 — exp(t))

Example 28.3. If X ~ N (0,1), then for all t € R
Myl = [ expleapplardr = —— [ (t m2>d
= exp(tz)p(z)de = — exp (te — = ) dx
X . P ¥ o ) p 9
2
exp (%) [/oo ( (x—t)2>d]
= ——7 exp (| ———— | dx
V2T o P 2
2
= exp <t2> since the NV (¢,1) PDF integrates to 1

Proposition 28.4. Let X be a r.v. whose MGF Mx exists. Then for any constants a and b, the
MGF of Y = a+ bX is given by My (t) = exp(at) Mx (bt) whenever Mx (bt) is finite.

Proof. We use linearity of expectation and the definition of the MGEF"
My (t) = Elexp((a + bX)t)] = exp(at)E[exp(bXt)] = exp(at) Mx (bt)
O

Example 28.5. Recall that if X ~ N(u,0?), then X has the same distribution as p + oZ for

Z ~ N(0,1). By Example 28.3 and the preceding proposition, we conclude that

242
Mx (t) = exp (ut + J2>
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Proposition 28.6. Suppose X1, ..., X, are independent and let Y = X1+ ---+ X,,. Then for any
t for which Mx,(t) is finite for all i, we have

n

My (t) = [ [ Mx, (t)

i=1
Proof. Since X1, ..., X,, are independent, so are exp(tX1),...,exp(tX,). But then exp(tXy),...,exp(tX,)
are uncorrelated. Hence the expectation of their product is the product of their expectations:

n

H exp(tXi)] = [[Elexp(tx:)] = [ [ Mx, (t)

i=1 =1

My (t) = Elexp(t(X1 + -+ X,))] = E

Example 28.7. If X ~ Bin(n,p), then Mx(t) = (1 — p(1 — exp(¢)))™ for all t € R.

What makes the MGF so powerful is that it determines the distribution, just like the CDF or
PDF/PMF. One caveat is that the MGF does not always exist. However, it does for most common

distributions whose tails aren’t too heavy. In that case, MGF's are often simpler computationally.

Theorem 28.8 (MGF determines the distribution). Let X and Y be r.v.’s such that Mx(t) =
My (t) for allt € (—a,a) for some a > 0. Then X and Y have the same distribution.

The proof is omitted, as it is quite technical. However, we can now use MGFs to provide a simpler

proof of something we already knew.

Example 28.9. Suppose X ~ N(ux,0%) and Y ~ N(uy,o0%) are independent. Using convolu-
tions, we showed in Corollary 20.8 that X + Y ~ N(ux + py, ag( + 052,). We could alternatively
give a one-line proof with MGF's, using the preceding theorem and our computation of the Normal

MGF; for all t € R we have

(0% + af,)tQ)

O'g(tQ U%tQ
My (8) = Mx () My (t) = exp  pxt + == Jexp | pyt + —5— | = exp  (ux +py)t + 5

which matches the N'(ux + py, 0% + o%) MGF.

We now describe another use of MGFs, as its name suggests: to compute moments (the moments

of ar.v. X are the quantities E[X“] for positive integers a).

Proposition 28.10. For any positive integer n and r.v. X whose MGF exists, we have E[X"] =
M)(?) (0), where M)(?) denotes the n-th derivative of Mx. Equivalently, E[X™] is the coefficient of

t" /n! in the Taylor expansion of Mx(t) about t = 0.
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Proof. The trick is to recall the Taylor expansion of the exponential, so that

Mx(t) = Elexp(tX)] = E | 3 (tff!)”] = > DEpey
n=0 n=0

On the other hand, we can Taylor expand Mx (t) directly about ¢ = 0:

o0

tn
Mx(t)=>" HM)(?)(O)
n=0
By matching coefficients we have E[X"] = M )(? )(O) for each n.! O

Example 28.11 (Standard Normal moments). For X ~ N (0,1) we can write

M) = explt2/2) = 3 e =30 O
XA = &P T L oREl T £a(2k) 2Rkl
k=0 k=0
which shows E[X2¥] = (2k)!/(2Fk!) for every positive integer k, and E[X"] = 0 for any odd n.

Example 28.12 (Exponential moments). If X ~ Expo(1) then its MGF is

Mx(t) = /OOO exp(tz) exp(—x)dx = /OOO exp(—(1 —t)x)de = ——, t<1

By the formula for the sum of a geometric series, we have

1 =tk
—— =1+t =) kL —l<t<]
1—t 2 |

Thus E[X"] = n! for all positive integers n, and for Y ~ Expo(A) we have E[Y"] = n!/A", since
AY ~ Expo(1).

There is one additional powerful result concerning MGF's that allows for a proof of the central limit

theorem under regularity conditions:

Theorem 28.13 (Levy’s continuity theorem). Suppose M is the CDF of a continuous random
variable X, and let My, Mo, ... be the MGFs of a sequence of random variables X1, Xo, ..., assumed
to all exist on (—a,a) for some a > 0. Then if lim,_oc My (t) = M(t) for allt € (—a,a), the CDF's
Fx,,Fx,,... of X1,Xs,..., converge pointwise to the CDF Fx of X.

!We have omitted some technical arguments to guarantee My is infinitely differentiable and that the infinite sum
and expectation can be interchanged. The ability to match coefficients of infinite series that agree on an interval

follows for instance by Theorem 8.5 of Walter Rudin’s Principles of Mathematical Analysis.
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Example 28.14. Suppose Xi, Xo,... are i.i.d. mean 0, variance 1 r.v.s with common MGF M.

Then by the fact that the X; are independent, the MGF of Y;, = \/nX,, = ﬁ(Xl +--+ X,) is

My, (t) = Elexp(t/v/n(X1 + - + X)) = [ [ Elexp(tXi/ V)] = (M(t/v/n))"
i=1
Now by Taylor’s theorem we have

M(t/+/n) = M(0) + M'(0) - \;HJF M;(O) 'i+R” = 1+Z+Rn

since M’(0) = E[X;] = 0 and M"(0) = E[X?] = 1. Above, R, is a remainder term such that

nR, — 0 as n — oo. Then

2 2
log My, (t) = nlog(M(t/v/n)) = nlog <1 + o + Rn> =n <2n + R;)

where R] is another remainder term satisfying nR] — 0 as n — oo, and for the last equality we’ve
used Taylor’s theorem on f(x) = log(1 + z) to argue that log(1 + x) = = + R(x) where zR(z) — 0
as z — 0. Taking limits on both sides, we get

2

lim log My, (t) = B

n—o0

Exponentiating and recalling the Standard Normal MGF My (t) = exp(t?/2) gives the desired

result.
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